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Math: Requirements & Recommendations /
Mathe: Voraussetzungen & Empfehlungen

Analysis / Analysis
Vector Analysis / Vektoranalysis
Algebra / Algebra
Differential Geometry / Differentialgeometrie
Differential Equations / Differentialgleichungen
Special Functions / Spezielle Funktionen

Integral Transforms / Integraltransformationen

Prof. Dr. rer. nat. Karl-J6érg Langenberg

Mathematical Foundation of Electromagnetic Field Theory | & Il /
Mathematische Grundlagen der Elektromagnetischen Feldtheorie | & II
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Different Coordinate Systems /
Verschiedene Koordinatensysteme

e Cartesian (Rectangular) Coordinate System /
Kartesisches Koordinatensystem

e Cylindrical Coordinate System /
Zylinderkoordinatensystem

e Spherical Coordinate System /
Kugelkoordinatensystem

What is the benefit of the Use of a Problem Matched
Coordinate Systems ? /
Was ist der Nutzen der Verwendung eines problemangepassten
Koordinatensystemen ?

. B

(Easier) Solution of the Problem under Concern! /
(Einfachere) Losung des betrachteten Problems?
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Position Vector / Ortsvektor (Positionsvektor)

Cartesian Coordinate System / Kartesisches Koordinatensystem
A<

R=R (R)+R (R)+R (R)
=R, (R)e, +R ,(R)e, +R (R)e,

:ng +y§y +Z§Z

Coordinates / Koordinaten  x, v,2; —oo<X,y,7<00

Orthonormal Unit Vectors / e, ,e €,
Orthonormale Einheitsvektoren Y

€, J_gy le, le He KHe, =1

y

Scalar Vector Components / R .(x,y,2)=x
Skalare Vektorkomponenten
R (x,y,2)=Y

R, (x,y,2)=2

Vectorial Vector Components / R (R)=R.(x.v.7)e. = xe
Vektorielle Vektorkomponenten R.R)=R,(x,y,2)€, Cx
R,(R)=R,(x.y.2)e, = ye,

R, (R)=R,(x,y,2)e, =z€,
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Field Vector / Feldvektor

Cartesian Coordinate System /
Kartesisches Koordinatensystem

Coordinates /
Koordinaten X ¥, <

Limits /| —°0< X<
Grenzen —oco< y<oo

—o0 <L 7 <00

Orthonormal Unit Vectors /

¢ _.C
Orthonormale Einheitsvektoren ~* —

y&

ng_gyJ_e

| : Perpendicular / Senkrecht

le, H e, He, =1

Arbitrary Vector Field / Beliebiges Vektorfeld
A(R)=A,(R)+A,(R)+A_(R)
=A,(x,y,2e, +A (x,y,20e, +A (x,y,2)e,
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Notation and Field Quantities / Notation und FeldgroRen

Vector / Vektor: I Dyad / Dyade:
Electric Field Strength / Elektrische Feldstirke , Permittivity Dyad / Permittivitdtsdyade
E(R)=E,(R.1)+E, (R)+E_(R/) | e(Ri)=¢g (Ri)+e (Ri)+e (Ry)
3 Vector Components / ! +& (Ri)+e (Ri)+e (Ro)
3 Vektorkomponenten | =W = =%
| e, (Ri)+e (Ro)+e (Ry)
I 9 Dyadic Corvnponents/
I 9 dyadische Komponenten
|
—E,(x.y,2.0e,+E,(x, n.z0e, +E.(x y.20¢, | = (%50 6 T, (%Y, 2.1)€ 8, (%Y 2DE €
: +8yx(xa ya Zat)gy gx +8yy(-x’ ya Zat)gy gy +8yz (xa ya Zat)gy QZ
I +e (X, y,z.0e e +E,(x, y,z0)e. e +E (x,y,z1)e, e,
I
mit {x,y,z}={x.%.x} I mit {X, y,2} ={x, 2,43}
3 I 3 3
= ZEXZ. ('xl’x2’x3?t)§xl I = Zzgxixj ('xl’x2’x3’t)§xl gx]
inl ) i=1 j=1
= Exi (xl,xz,x3,t)§xi = &y, (X, %, x3,t)§xi e,

with Einstein’s Summation Convention / mit Einsteinscher Summationskonvention

Einstein’s Summation Convention: If a index appears two times at one side of an equation (and not at the other side), the index is automatically summed over 1 to 3. /
Einsteinsche Summenkonvention. Wenn ein Index auf einer Seite einer Gleichung zweimal vorkommt (und auf der anderen nicht), wird dariiber von 1 bis 3 summiert.
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Position Vector / Ortsvektor (Positionsvektor)

Cylindrical Coordinate System / Zylinderkoordinatensystem
AZ

R=R,(R)+R,(R)+R (R)
=R.(R)e.(9)+R,(R)e,(9)+R (R)e,

=re. (p)+ze,

Coordinates / Koordinaten 10,7, 0<r<oo,0<@<2r,—0<z7<00

Orthonormal Unit Vectors / €, ((0),(_1,@((0),(_3Z
Orthonormale Einheitsvektoren
e.(p)Le,(p)Le, le.(p)He (p)l=e, =1

Scalar Vector Components / R.(r,p,2)=re. (@)
Skalare Vektorkomponenten Rq,(r, 0,7)=0

R, (r,p,2)=2ze,

Vectorial Vector Components / R, (R)=R.(r)e.(@)=re,(p)
Vektorielle Vektorkomponenten
R,(R)=0

R (R)=R (z)e, =ze,
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Field Vector / Feldvektor

Cylindrical Coordinate System /
Zylinderkoordinatensystem 4 A(R)

Coordinates / A
Koordinaten 9,2

Limits /| 0<r<oo
Grenzen ()< QO<21w
—o0 <L 7 <00

Orthonormal Unit Vectors / e (@),e (@),e
Orthonormale Einheitsvektoren ~~ 4 -9 ¥,

e.(¢) Le,(p) Le
r ¢ £ L : Perpendicular / Senkrecht

e, ()] =|e, (@) =le.| =1

Arbitrary Vector Field / Beliebiges Vektorfeld
A(R)=A, (R)+A,(R)+A_(R)

= =r

- Ar(r’ Q, Z)gr (¢)+A¢(I", ?, Z)§¢(¢)+AZ(7‘, Q, Z)QZ
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Position Vector / Ortsvektor (Positionsvektor)

Spherical Coordinate System / Kugelkoordinatensystem
A Z

-~
-~
~~
~
~
~~
-

R=Rpy(R)+R,(R)+R,(R)

= Ry (R)e (8,9)+ Ry(R)e (8 0) Rey (0.0)
+R,(R)e,(9) ’

~ -
~
~
~-~o
~

= Rg R (19’ ¢) _______ ¢ 71 AR LTS St ’

Coordinates / Koordinaten R, 19, o, O<R< oo, 0<$¥8< ﬂ';o < Q< 2T

Orthonormal Unit Vectors / e e.e
Orthonormale Einheitsvektoren =R’ > =@

e, Leg J_g¢ lep IH ey I=Ig¢ =1

Scalar Vector C ts /

Skalare Vektorkomponenten Rz (R: 3 9), Ry(R, 8, 9), R, (R, ¥, ¢)
Vectorial Vector Components ;| Rp(R)=Rp(R, D, @)e, (U, ) = Rex (4, @)
Vektorielle Vektork

ektorielle Vektorkomponenten R,(R) = Ry(R, &, 0)e ,(5,0) = 0
R,,(R) = R, (R, &, 0)e,(¢) =0
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Field Vector / Feldvektor

Spherical Coordinate System / 4 - A (R)
Kugelkoordinatensystem o

Coordinates / R. 9 @

Koordinaten

Limits / O0<R<oo
Grenzen —
0LV

0<@p<2r
orthonormale Eimheitsvektoren €& (559):€5(8.0). €, (9)
€r (19, (0) L €5 (19, (0) le 0 ((0) L : Perpendicular / Senkrecht

leg (0,9) Hey (B, 0)He, (9) =1

Arbitrary Vector Field / Beliebiges Vektorfeld
A(R,1)=Ag(R)+A4(R)+A,(R)
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Cartesian Coordinate System: Coordinate Surfaces, Unit
Vectors, Surface Elements and Volume Element /
Kartesischen Koordinatensystemen: Koordinatenflachen,
Einheitsvektoren, Flachenelemente und Volumenelement

“A

NN

//‘
X = const. IR
P A O
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Cylindrical Coordinate System: Coordinate Surtaces, Unit
Vectors, Surface Elements and Volume Element /
Zylinderkoordinatensystem: Koordinatenflachen,

Einheitsvektoren, Flachenelemente und Volumenelement

:5‘ z‘ dS

_xy

Z = const. 4 dS
- -

@ = const.
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Spherical Loordinate System: Loordinate >urraces, unit
Vectors, Surface Elements and Volume Element /
Kugelkoordinatensystem: Koordinatenflachen,
Einheitsvektoren, Flachenelemente und Volumenelement

| ¥ =const.

\ /
I . A e
\lé— — e, Lm— — — —
e ~ —
2 e B Y

@ = const.-

R = const.
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Metric Coefficients and Vector Differential Line Elements /
Metrische Koeffizienten und vektorielle differentielle Linienelemente

Cartesian Coordinate System / Cylindrical Coordinate System / Spherical Coordinate System /
Kartesisches Koordinatensystem Zylinderkoordinatensystem Kugelkoordinatensystem
h_x:1, hy:1, hzzl hrzl, h¢:r, hzzl thl, hﬂ,:R, h¢:RSiHl9
dR =sdR dR, =sdR dR, =sdR
=e, h dx =e, h,.dr —ep, Iz dR
dR =sdR dR, =sdR dR, =sdR
=e, h,dy =e,h,dg =e,hydd
dR, =ndR dR, =sdR dR, =sdR
=e_ h, dz =e, h dz =e,h,de
=e_dz =e_dz :g¢Rsin vde
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Metric Coefficients and Differential Volume and Surface Elements /
Metrische Koeffizienten und differentielle Volumen- und Flachenelemente

Cartesian Coordinate System /
Kartesisches Koordinatensystem

he=1, h,=1 h =1

dV = h,dxh, dyh, dz
= hy hy h, dxdydz
=dzdxdz

dS, =ndS§
= (e, xe )h, h, dydz
=e, dydz

dS, =nds
=(e, xe ) h dxdz
=e, dxdz

dS., =ndS
= (e, xe )h, hydxdy
=e, dxdy
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Cylindrical Coordinate System /
Zylinderkoordinatensystem

dV = h,.drh,dph, dz
= h, hy, h, drdedy
=rdrdedz

d_s¢z :EdS
=(e,xe ), h, dpdz
=e, rdydz

s, =nds
=(e,xe )h, h, drdz
:g(pdrdz

@rﬂ) = gdS
=(e, xe,) . hydrde
=e_rdrde

Spherical Coordinate System /
Kugelkoordinatensystem

hg =1, hy=R, h¢, = Rsin ¢}
dV = hg dRhyddh, dg
= hg hyh, dRdde
= R’ sin ¥dRd¥de

d_Sz9¢ =ndS
=(eyxe,) hyhy,ddde
=e, R*sin¥ddde
dS,, =ndsS
= (e, xeg) hig hydRdp
=ey RsinddRde

dSgy =ndS
=(ep xe€y) hp hydRdAD
=e,RdRdD
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Coordinates of Different
Coordinate Systems /
Koordinaten verschiedenen
Koordinatensystemen

Transformation Table /
Umrechnungstabelle

Cartesian Coordinates / Cylindrical Coordinates / Spherical Coordinates /
Kartesische Koordinaten Zylinderkoordinaten Kugelkoordinaten
X rcos @ Rsin ¢cos ¢
y rsing Rsin ¢¥sin @
z - Rcos ¢
2 2
Y r Rsin ¢
arctan . ® @
X
Rcos??
- <
2 2 2
X +y +z I”2+22 R
[ 2+ 2
arctan x Ty arctani U
Z d 0
arctan > @
X
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Examples / Beispiele

1. Formulate x as a function of the cylinder and spherical coordinates. /
Formuliere x als Funktion der Zylinder- und Kugelkoordinaten.

X=rcos@ = Rsin}cos @

2. Formulate ras a function of the Cartesian and spherical coordinates.
/ Formuliere rals Funktion der Kartesischen und Kugelkoordinaten.

r=+/x"+y> =Rsind

3. Formulate x*+y> as a function of the cylinder coordinates. /
Formuliere [>7> als Funktion der Zylinderkoordinaten.

JxZ+yt = \/(rcos @)’ + (rsin @)’ = r\/cos2 Q+sin® @ =r
e
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Scalar Vector Components in Different Coordinate Systems /
Skalare Vektorkomponenten in verschiedenen Koordinatensystemen

Transformation Table / Umrechnungstabelle

Cartesian Coordinates /
Kartesische Koordinaten

Cylindrical Coordinates /
Zylinderkoordinaten

Spherical Coordinates /
Kugelkoordinaten

A=Ae, +Ayg.y +Ae,

A=Ae +Ae,+Ae,

A=Ace,+ Ayje,+ Aye,

A A cosp—A, sing A, sindcos @+ Ay cosdeos @ — A sin @
A, A sing+A, cosp Apsinsin @+ A, cos Isinp+ A, cos @
A A A, cost'—A,sin
A, cosp+A sing A A, sind+ A, cos
—A sing+A cosg A, A,
A, A, A, cos—A,sin ¥}
A, sindcos @+ A sindsin @+ A, cos A sind+A_cosd A,
A, coscos @+ A cosdsing—A_sin A, cos¥—A_ sin ¥ A,
— A sing+A cosg A A

4
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Example: Coordinate Transformation of the Position Vector /
Beispiel: Koordinatentransformation des Ortsvektor

Position Vector in the Cartesian Coordinate System /

Position Vector in the Cylinder Coordinate System / ?
Ortsvektor im Kartesischen Koordinatensystem

Ortsvektor im Zylinderkoordinatensystem o
R=x e+ »y ¢+ 2z ¢ R(r.¢,9,R..R,,R,)
R(xy2)  R(xypz)  R(wr2)

Transformation of the Coordinates /
Transformation der Koordinaten

=R.(r.0.7)e, (@) +R,(r.¢.y)e,()+R, (r.0,y)e,

Position Vector in the Cartesian Coordinate System as a
R .(r,@,7)=x(r,0,7) = rcos Function of Cylinder Coordinates /

x( ¢ 2) ( P 2) . ¢ Ortsvektor im Kartesischen Koordinatensystem als Funktion der
R (r,0,2)=y(r,@,z) =rsing

Zylinderkoordinaten
R, (r,p,2)=2(r,9,2)=2 \

R=rcospe .+ rsing e, + z e

%/—J %/_J -
Transformation of the Scalar Vector Components / R (r’¢’z) R (r’¢’z) RZ(”,(D,Z)
Transformation der skalaren Vektorkomponenten / Y Y

Rr(r,(a,z,Rx,Ry,RZ) = R, cosq0+Ry sin @
Rq)(r,(p, Z,Rx,Ry,RZ) =—R, smq0+Ry cos @
Rz(r,(p,z,Rx,Ry,RZ) = R
'
R = rcos@cos@+rsin@sin@ Position Vector in the Cylinder Coordinate System /

5 5 Ortsvektor in dem Zylinderkoordinatensystem
= r(cos" @+sin“ @)=r

] | » R=re.(p)+ze,
R, =8rc0s @sIin ¢+ rsin QY cos @ R. R,
RZ = RZ
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Faraday‘s Induction Law in Integral Form /
Faradaysches Induktionsgesetz in Integralform (1)

Faraday‘s Induction Law / Faradaysches Induktionsgesetz

CJSC(t)zaS(t)E(B —R - __”S(;)B(R t) 'dS B ”S(t)lm (B,f) '@

Time Dependent Contour /
Zeitabhdngige Kontur

Time Dependent Surface /

Zeitabhdngige Flache S(z) C@)=09S(1)

Rotating loop A S(t)

Constant magnetic field: B;

s =

YYYV\VV

4
/
n(t)
o

\

/
L

0
i
e

I

@

s
i
e
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Faraday‘s Induction Law in Integral Form /
Faradaysches Induktionsgesetz in Integralform (2)

Faraday‘s Induction Law / Faradaysches Induktionsgesetz

d
ER.0)+«dR=-—[[ BR.,N-dS—[[ J (R.1)-dS
CJSC(t):aS(t)_(_’ )-dR dr 79S@) BR,)-dS S(ry=m (R7)-dS
Ferrsi AR [m] Closed Contour Integral / Geschlossenes Kurvenintegral
E(R, t) [V/m] Electric Field Strength / Elektrische Feldstarke
Vectorial Differential Line Element / Vektorielles differentielles
dR [m] Linienelement
Scalar Product of E and dR = tangential projection of E onto dR /
E(Ba t)°dR V] Skalarprodukt von E auf dR = Tangentialprojektion von E auf dR

Vectorial Differential Line Element /
Vektorielles differentielles
Linienelement \’Q =s dR

/

Tangential Unit Vector / Scalar Differential Line Element / Skalares
Tangentialer Einheitsvektor differentielles Linienelement
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Different Products / Verschiedene Produkte

>

Scalar Product / Skalarprodukt C=A-B

Vector Product / Vektorprodukt C=AxB

Dyadic Product / Dyadisches Produkt C=AB
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Scalar Product (Dot or Inner Product) /
Skalarprodukt (Punktprodukt oder inneres Produkt) (1)

A-B=|A|[B|cos Z(A,B)
a2

Pap
= ABcos@,p
Enclosed Angle / &
Eingeschlossener Winkel AB
= Bcos@,p
A-B=B-A
= BAcosg@p, cos s = A-B
= ABcos@,p AB ‘A‘ B‘
@,p = arccos A-B
cos(Pap)= cos(~Pap) AB \A\ B\
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Scalar Product (Dot or Inner Product) /
Skalarprodukt (Punktprodukt oder inneres Produkt) (2)

A-B=(Ae +Aje +Ae ) (Be +Be +Be)

=AB.e. e +AB +A,.B,e

XYy € —y Dz €y _z
%f—" \ J e
+AB e e +AB e v +AB ¢ -¢,
+A,B.e e +ADB, gzogy+AZBZg e
0 1
= :0 =

= AB, +A,B, +A_B,

A-B=(Ace, +Aje +Ae ) (B, +Be +Be.)

=AB,+A B, +AB,
=(Aye, tA e, +A e ) (B,e +B e
=A, B, +A B, +A B,

Il
M

A, B,

Xi
i=1
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+ B

X3 X)

Orthonormal Unit Vectors /
Orthonormale Einheitsvektoren

e Le le,

gx.gle gy.gx:() gzogx:()

gx-gyzO §y°§y:1 gzogy:O

gX.gZZO §y°§Z:0 gz.gZZI

Cartesian Coordinates /
Kartesische Koordinaten

x=x1
y=Xx
=X
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Scalar Product (Dot or Inner Product) /
Skalarprodukt (Punktprodukt oder inneres Produkt) (3)

A-B=(Ae,
3 3
- Z sz €x, .Z ij ng
i=1 j=1

i=1 j=I1 —
:51']'
= Axl- B.X'J gxl- .—.xj'
;\/_J

=A_B_0; | or/loder

- Axi Bxi
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Kronecker Delta /
Kronecker-Delta

al.,.:{ =]
0 i#]

with Einstein’s Summation Convention /
mit Einsteinscher Summationskonvention

Einstein‘s Summation Convention: If a index appears two
times at one side of an equation (and not at the other side),
the index is automatically summed over 1 to 3. /
Einsteinsche Summenkonvention. Wenn ein Index auf einer
Seite einer Gleichung zweimal vorkommt (und auf der
anderen nicht), wird dariiber von 1 bis 3 summiert.
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Magnitude of a Vector /
Betrag eines Vektors

Al=\A-A Al=\A-A

3 3
=J(Ae +Ae +A e ) (Ae +A e +Ae)
X y=y z x y=y z = ZAX,QX,°ZBXJ
i=1 j=1
= AXAX —X —X+A Ay —X —y +AXAZ gx.gz :\/Axigxi .ij‘ng-
=1 ¥ =0
) = AL Ay e e,
1 J 1 J
+AyAx_y e, +A A, e, _y+A Az_y €, —
! = AL
2
+AZAng-gx+AZAng-gy+AZAZgZ-gZ
=0 y =1

= \/AXAX +AA,+A_A,

= JA2+ A2+ A2
- A
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Example: Position Vector and Electric Field Strength Vector /
Beispiel: Ortsvektor und elektrischer Feldstarkevektor

Cartesian Coordinate System / Kartesisches Koordinatensystem

Position Vector / Electric Field Strength Vector /
Ortsvektor Elektrische Feldstarkevektor

R(x,y,2) =R (x,y,2)e, +R(x,y,2)e +R_(x,y,2)€, E(R,1)=E(x,y,z,1)
=xe, +y§y +ze, =E (x,y,z,1)e, +Ey(x,y,z,t)gy +Ez(x,y,z,t)§Z

Magnitude of the Electric Field Strength Vector

Magnitude of the Position Vector (Distance) / (Strength) / Betrag des elektrische Feldstarkevektors

Betrag des Ortsvektor (Abstand)

(Starke)
R(x, y,2)| =yR(x, y,2)*R(x, 3, 2) [E(x, y,2)| = E(x,y,2)+E(x,y,2)
=\/(xgx +ye, +zgz)-(xgx +tye, +ng) =\/(Ex e, +E e +E, ez)°(Ex9x +E, e +E, gz)
=24y = JE2+E2 +E2
Position Unit Vector (Direction) / Electric Field Strength Unit Vector (Direction) /
Ortseinheitsvektor (Richtung) Elektrische Feldstdrkeeinheitsvektor (Richtung)
Ay R s Vo - E(x7 7Z)
R(x.y.2) = m o022 Bxy.2) =1
IR(x, y,2) [E(x, y, 2)|
x§x+y§y+Z§Z _Exgx—l_Eygy—'_EZgZ
362+y2+z2 \/E)%+E§+E§
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Vector Product (Cross or Outer Product) /
Vektorprodukt (Kreuzprodukt oder dauReres Produkt) (1)

A
C Surface / Flache
A
B Sap -
i ’/”
] ? Pap _ -
»/
and /
C=AxB CLlLA . C.lB
C =|A|[B|sin Z(A, B) .
\ﬁ/_—l
P
=ABSiH¢AB
= Sap
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Vector Product (Cross or Outer Product) /
Vektorprodukt (Kreuzprodukt oder dauReres Produkt) (2)

AxB=(Ae, + Aygy +A,e )x(B,.e, + Bygy +B.e,)

=AB, e xe, + AxBy e, xe, + A.B,e xe,
H_/ H_/
:0 :gz :—gy

+ AyBx e, xe, + AyBy e, xe, + AyBZ e, xe,
\_—\K—_J \_—\K—_J
:—gz :O :gx

+A, B e xe + AZBy e, xe, + A,B,e, xe,
H_/ \_-\f_J

=€y =€ =0

=(A,B.e, —A.B e, + (A,B, —A.B_)e, +(AB,

>
X
==
Il
|
=
X
>
>
%
>
Il
=
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—A,B,)e,

Orthonormal Unit Vectors /
Orthonormale Einheitsvektoren

e le le,
e xe = 0
e xe = e,
e xe =—¢,
e, xe, =—€,
e, xe, = 0
e, xe = e,
e xe = e
e xe =—€
e, xe, = 0
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Vector Product (Cross or Outer Product) /
Vektorprodukt (Kreuzprodukt oder auReres Produkt) (3)

e Add the first two Columns /
Yooz Addiere die beiden ersten Spalten

>
X

|
I

Sarrus Law /
Regel von Sarrus
[Pierre Frédéric Sarrus, 1831]
http://de.wikipedia.org/wiki/Regel_von_Sarrus

=(A,B, - A_B))e,
+(A.B,—A,B.)e,
+(A,B, - A,B,)e,

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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Dyadic Product /
Dyadisches Produkt

>
[==
Il
N
>P>
|
=
M
o]
=
|
=

~.

N
Il
—_
~.
Il
—_

M
>

| €D

e

>

<

[~

=

Il
.Mw

[l

>

3 .

L
I}

oy

Is

Rl
&
=

I
N
o~
®
o
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Maxwell’s Equations

Dr.-Ing.

-
Time Varying Time Constant
Fields Fields
J J
— £ ) — =1
ot ot
Rapidly Time Slowly Time
Varying Fields Varying Fields
gt ot
Electro‘- Electro- Magneto- Stationary] Electro- Magneto-
mag;:tlc quasi- quasi- Current static static
(‘ ) static static (SS) (ES) (MS)
Fields (EQS) (MQS) Fields Fields Fields
Fields Fields

René Marklein - EFT | - WS 05/06 - Lecture 4 / Vorlesung 4
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Electrostatic Field Problem - Example: Parallel Plate Capacitor /
Elektrostatisches Feldproblem - Beispiel: Paralleler Plattenkondensator

Scalar Field: Electrostatic Potential / Vector Field: Electrostatic Field Strength /
Skalarfeld: Elektrostatisches Potenzial Vektorfeld: Elektrostatische Feldstérke
i 4 r4 - - -~ A 1

~ ~ B o B - - »
~ ~ = B B =) - -
- - = B B - - -
= = == B B = = =
- - =l — o — g - —- -
= - B B - - -
- - = = = - - ~-
- - B B B - ~ ~
» - B B == ~ ~ ~

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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Electrostatic (ES) Fields - Governing Equations /
Elektrostatische (ES) Felder - Grundgleichungen

Electrostatic / 0 _ No Time Dependence and No Magnetic Field Quantities /
Elektrostatik g =0 Keine Zeitabhangigkeit und keine magnetischen FeldgroRen

E(R) : Electric Field Strength / Elektrische Feldstarke
D(R) : Electric Flux Density / Elektrische Flussdichte
P.(R) : Electric Charge Density / Elektrische Raumladungsdichte

Integral Form / Differential Form /
Integralform Differentialform
— ¢ ER)-dR=0 VxER)=0
— ¢p,_ DR)-dS =[] p.(R)AV V-DR) = g (R)
Curl-Free E-Field /
» Rotationsfreies E-Feld <

Divergence of D Represents Electric Charge Density /
Quellstarke von D entspricht der elektrischen Raumladungsdichte

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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Electrostatic (ES) Fields - Governing Equations /
Elektrostatische (ES) Felder - Grundgleichungen

Integral Form / Integralform

Cﬁczas ER)-dR =0 E(R) [V/m = Newton /Coulomb = N/C]
D(R) [As/m”]
3
fb, . D®R)-ds=[[[ p.R)aV p.(R) [As/m"]
= Qe

Vacuum / Vakuum
D(R) = ¢ E(R)

t Electric Field Constant / Elektrische Feldkonstante
(IEEE, VDE)
Permittivity of Free Space / Permittivitdt des Freiraumes

Differential Form /

Diff tialf Material £,
iiterentialtorm Side Remark: In some Cases / -
g N Air / Luft 1.006
Nebenbemerkung: In einigen Fillen '

V x E(R) = Q Paper / Papier 2.4
V.D(R) = . (R) D(B) = £)&, E(B) | Wet Ear.th / Nassej Erde | 5...15

- - Gallium Arsenide / Gallium Arsenid 13

Seawater / Seewasser 70

Permittivity /

Permittivitat

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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ES Fields - Electric Points Charge and Electric Field Strength - Coulomb’s Law /
ES Felder - Elektrische Punktladung und elektrische Feldstdrke - Coulombsches Gesetz

Coulomb’s Law / Coulombsches Gesetz

Charles Augustin de Coulomb (1736 - 1806)
Q(l)Q(Z) R
R)===¢_R,,

PN
10 )Qe()ﬁ N
4 7 =12 [ ]

E R12

Force / F(R) N
Kraft -
Electric Point Charge / ) A
Elektrische Punktladung © LAs]
Electric Point Charge / 2)
Elektrische PunktLadung ©
Distance /
Abstand
Distance Unit Vector / " R
Abstandseinheitsvektor

Permittivity of Free-Space / R=\R+R = \/x2 + y2 + 27
£ [As/Vm]
xe, + ye. +ze
Sx Ty T REg
=ep (4,9)

[As]

1=

(1] R=[R[=yR:R [m]

=)
I

R
R

R [m]

&l

<

= xe, +ye +ze,

%)

Permittivitat des Freiraumes

=)
[l

2 2 2
X“+y +z
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ES Fields - Electric Charge and Electric Field Strength - Coulomb’s Law /
ES Felder - Elektrische Ladung und elektrische Feldstdrke - Coulombsches Gesetz

Electric Field Strength: Force Per Unit Charge / Q(z) E:eﬁtri_c ThestTChTrge /
Elektrische Feldstirke: Kraft pro Einheitsladung ¢ ekirische Testladung
F(R O S
E(g)z—((—z)) =—=—R  [N/CorV/m] Pt Tl
o 47TER - .~
// \\
Electric Field Strength / ER) [V/m] //’ P (R)\ Electric Test
. . LEAE AN m I\ Ch
Elektische Feldstirke ) Radial Field / E (B) =— 3 Eleak;?ii c/ he
Force / / Radialfeld Qe ', Testladung
Kraft F(R) [N] I’ ’ Q(l) R \‘
: ! =——< R 1
Electric Charge / Q(l) (As] : AreR> !
Elektrische Ladung © ! = ,
Electric Test Charge / ) \ e( :
. ON [As] | / \ R !
Elektrische Testladung \ X oy ,
Distance / R ] \\ * ,’ Move ... /
Abstand m \\\ /// Bewege..
Distance Unit Vector / ~ N .
N R [1] AN .
Abstandseinheitsvektor S e ’
Permittivity of Free-Space / The Pt
£ [As/Vm] = Se~ea___---

Permittivitiat des Freiraumes
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ES Fields - Electric Charge and Electric Field Strength - Coulomb’s Law /
ES Felder - Elektrische Ladung und elektrische Feldstdrke - Coulombsches Gesetz

Electric Field Strength: Force Per Unit Charge /
Elektrische Feldstarke: Kraft pro Einheitsladung

(R)= Qezg: e R [V/m]
AmeR 47weR

R=R

| =

|~

Radial Field /
Radialfeld 4

Electric Field Strength /

. E(R) [V/m]
Elektische Feldstiarke
Electric Charge /
. 0. [As]
Elektrische Ladung
Distance /
R [m]
Abstand
Distance Unit Vector / ~
L R [1]
Abstandseinheitsvektor
Permittivity of Free-Space /
E [As/Vm]

Permittivitat des Freiraumes

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3



Electrostatic (ES) Fields - Governing Equations /
Elektrostatische (ES) Felder - Grundgleichungen

Electrostatic /| o _ No Time Dependence and No Magnetic Field Quantities /
Elektrostatik g =0 Keine Zeitabhdngigkeit und keine magnetischen FeldgroRen

E(R) : Electric Field Strength / Elektrische Feldstarke
D(R) : Electric Flux Density / Elektrische Flussdichte
P.(R) : Electric Charge Density / Elektrische Raumladungsdichte

Integral Form / Differential Form /
Integralform Differentialform
— ¢ ER)-dR=0 VxE(R) =0
— ¢p, . DR)-dS =[] p.R)AV V-DR) = p.(R)
Curl-Free E-Field /

» Rotationsfreies E-Feld <

Divergence of D Represents Electric Charge Density / I
Quellstarke von D entspricht der elektrischen Raumladungsdichte

|

Method of Gauss’ Electric Law /
Methode des GaulRschen elektrischen Gesetzes

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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ES Fields - Method of Electric Gauss’ Law /
ES-Felder - Methode des elektrischen GaulRschen Gesetzes

Source Distribution / Quellverteilung

-‘#O Re V, E(R)

pe( )_ ~0 B&VS

Integration Contour /

C=0S Integrationskontur

Source Volume /
Quellvolumen

. ER)*dR =0

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3 40



ES Fields - Method of Electric Gauss’ Law /
ES-Felder - Methode des elektrischen GaulRschen Gesetzes

T , Source Volume /
Source Distribution / Quellverteilung Quellvolumen V Integration Volume /
A

Integrationsvolumen
=0 ReV

=0 ReV, e

pe(B) :{

v.=qp._ DR)-dS=[[] p.R)AV

=0 Total Electric Charge in V /
€ Elektrische Gesamtladung in V

D(R)-dS=D(R)-ndS

%f_j
D,(R)
fh;_5y DR)-dS - JII, pe®rav
<Jc:ﬁszav DLB,LQdS N Qj y
Dy (R) Total electric charge inside the

o v

: M o volume V' with the closed surface S=0V /
Sumsmatlon of alluD n :E:D %O%trl.bl.l.tlons /" Gesamte elektrische Ladung im Volumen
ummation aller D, =n - D-Beitrage V mit der geschlossenen Oberfliche S=0V

Flux of D through S =Q, in V /
Fluss von D durch S =Q, in V

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3 41




ES Fields - Method of Electric Gauss’ Law /
ES-Felder - Methode des elektrischen GauRschen Gesetzes

p. . DR)-ds = [[] p.R)AV
=Q,
Integration Volume / =0 source-free / quellenfrei

Integrationsvolumen
fﬂsszavg(gﬁﬁ >0 Source / Quelle
<0 Sink / Senke

—— -9V

Ibs. 5y DR)+ngds
= b 5, DR)-mdS

=4b;. 5y, DR)+mydS
= Qe

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3 42



Example: Fluid Mechanics - Spring of Water /
Beispiel: Strémungsmechanik - Wasserquelle

v Source Volume /
s Quellvolumen

/‘/./S
%

Integration Surface (Closed Surface) /
Integrationsflache (geschlossene Oberflache)

| <

Total Flux through the Closed Surface /
Gesamtfluss durch die geschlossene Oberflache

<_[:j> _, Y(R)-dS = g[;% ,YR)-nds
=v, (R)

Spring of Water / _ v (R)dS
Wasserquelle C-'EﬁS:av (R

= l//V
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Example: Electric Field Due to Spherically Symmetric Charge Distribution /
Beispiel: Elektrisches Feld einer kugelsymmetrischen Raumladungsdichte

Consider the Electrostatic (ES) Case / D(R) + dS = D(R) - ndsS = R dV
Betrachte den elektrostatischen (ES) Fall Cﬁ‘)S 1% DR)- éﬂ) ( )+n .U.[ P (R)

=D (R) =0,
D(R)en=D(R)-e
Prescribed: Electric Charge Density / Radial Symmetry / I \—(—V) = \_(_V) —K
Vorgegeben: Elektrische Raumladungsdichte Radialsymmetrie " =D, (R) =D (R)

D, (R) = Dg(R)

Pe(R) = p.(R) = Ry

Charged Sphere with Radius R, /
Geladene Kugel mit dem Radius R,

, Dg(R)
Solution for D(R) /
Lésung fiir D(R)

R R
0
Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3 44



Vector Differential Surface Element /
Vektorielles differentielles Flachenelement (1)

Definition: dS =n dS

dS

n %) Gl’ 62

Surface / Ry i :
Flache B < 3(61,0'2 +d0-2) 3(0-170-2)
R(o) +doy,0,)
R(0y,0, +do,)
dR,,
dR,,

y
X Position Vector / Ortsvektor B(o'l, 02)
Tangential Vectors / Tangentialvektoren o, (()'1 ,O5 ) = —B(o‘1 Nop) )

d0,

0
) (0'1’0'2):—80_ R(0},0,)
2

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3

Surface Parameters /
Flachenparameter

Position Vector /
Ortsvektor

Position Vector /
Ortsvektor

Position Vector /
Ortsvektor

Vector Differential Line
Elements / Vektorielle
differentielle
Linienelemente
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Vector Differential Surface Element /
Vektorielles differentielles Flachenelement (2)

Vector Differential Line Elements / Vektorielles differentielles Linienelement
dR,; =¢,(0y.0;)do,

dR, =6, (01,0,)do,

Scalar Differential Surface Elements / Skalares differentielles Flachenelement

as = |dR,;, xdR,, |

- |§1 (0'1,0'2)Xg2 (0-1,0-2 )|d0'1d0'2
Normal Unit-Vector / Normaleneinheitsvektor
0,(01,.0,)x0,(0,0,)

|§1 (01,0,)x 6, (01,0, )|

g:

Vector Differential Surface Element / Vektorielles differentielles Flachenelement
dS =ndS

_9 (01,0,)x6,(01,0,)

|§1 (01,0,)%0, (01,0, )|

=0 (0'1’0'2)"92 (01.0,)dojdo,

|§1 (01.0,)x6, (01,0, )|d01d0'2

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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Gauss’ Electric Law / GauRsches elektrisches Gesetz

§Py_0y DB+ ds

AN

Closed Surface Integral /
Geschlossenes Flachenintegral

Example / Beispiel:

Sphere/Kugel: V

-

= 4p. ., DR)-nds

JIf, p.®)dv

Volume\fntegral /
Volumenintegral

=D, (R)
Summation of all Normal Componentes of D
at the Closed Surface S=0V of
the Volume V /

(N

Summation of all charges

. inside the Volume V /
Summation aller Normalkomponenten von D Summation aller Ladungen in

auf der geschlossenen Oberfliche S=9V des dem Volumen V
Volumens V N b

o J

~
' :Qe

=Y.
Flux Through the (ejolsed Surface / />\

Fluss durch die geschlossene Oberfliche

R ds Ve =0,
Re S\\\‘\ AN n: Outward Normal Unit-Vector /
A A

-~ Nach Aufen zeigender Normaleneinheitsvektor

Dr.-Ing. René Marklein - EFT | - SS 06 - Lecture 3/ Vorlesung 3
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Example: Sphere with Radius a / Beispiel: Kugel mit Radius a (1)

AZ / S _ av
Sphere/Kugel: V \\:\: * AN ds
A n: Outward Normal Unit-Vector /
- I}_E S ‘ * -~ Nach AuBen zeigender Normaleneinheitsvektor
S B 7 v ¢p. ., DR)-nds
Z =0V T
=D, (R)
- I, Ay
X
dS=ndS (=ny, hy h, dddp)

o oY 0<v<7z

0<p<2m

—e, (0. 9)R?sinddddg|  =ep(d,9)a’ sinddddg

Vo —— A Vo
ds n ds

R=a

4b_yy DR) - dS =g, D(R)“‘ds‘f ID[R(R 0.0, p)ley (8.9)a’ sin 9 2 dg

=D, (R) 9=00=0 —Di[R(R=a,5,0)]
=D,[R(R=a,8,9)]

= We
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Example: Sphere with Radius a / Beispiel: Kugel mit Radius a (2)

AZ~ / S:E)V
Sphere/Kugel: V \\:\\:‘\\ ds .
_RE S \:\\ Y ) 1_1 gfﬁﬁiﬁ&ﬁﬁ;&%?ﬁﬁ%enﬁnhdtsvektor
""" TV {b._. D(R)-nds
7 S=V_—_ =
‘ D, (R)
=[I], p-®)aV
dV =R*sin® dR d dg (= hzhgh, dR d88 dg)
O<R<a
2x 1w a
[If,pe®av="[ [ [ p[RR SR sinddRdDdgp 0<9<7
9=0 =0 R=0 O0<p<2z

= Qe
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Example: Electric Field Due to Spherically Symmetric Charge Distribution /
Beispiel: Elektrisches Feld einer kugelsymmetrischen Raumladungsdichte

Consider the Electrostatic (ES) Case / _
Betrachte den elektrostatischen Fall #S:BV D_(B); nds = ”IV p.(R)dV
=D, (R)
R .
Electric Charge Density / Peo N R <R, Radial Symmetry /
Elektrische Raumladungsdichte P (R) = 0 Radialsymmetrisch
0 R >R,

50



End of Lecture 3 /
Ende der 3. Vorlesung
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