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Electrostatic (ES) Fields
Elektrostatische (ES) Felde
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Point Source / Punktquelle

0, [As/m® = Coulomb]

=

o Vg =0

P.(R)=
=infinite /unendlich

Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

?

I, pe®dv =0,

Mathematically Nonsense /

Mathematischer Unsinn

Integration Theory of Riemann /
Riemannsche Integralrechnung:

ff, Aav=o

[To Define Something New / Definiere etwas Neues|
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Electrostatic Charge /
Elektrostatisches Ladung

Electrostatic Volume Charge Density / D, = AQe
Elektrostatisches Raumladungsdichte = AV

Electrostatic Charge /
Elektrostatisches Ladung

Constant / Konstant

Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

Q. =[], p-®)av

Small Volume /
Kleines Volumen

AV

In the Limit /
Grenziibergang

AV =0

Pe =

. [ J
AQ. = lim p.AV
Q. = lim p,

Point / Punkt

unendlich gehen.
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AQ, =Constant if AVGoes to Zero, than the Volume Charge Density must go to Infinity. /
AQ,=konstant bleiben soll wenn AV nach null geht, dann muss die Raumladungsdichte nach
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

1-D Delta-Distribution / 1D Delta-Distribution

SOﬁs to Ilr:finity /fr" ] (imited to 1 only for Delta-Function / Delta-Funktion
eht nac Visualization / d-Distributi S-Distributi
Unendlich Begrenzt auf 1 wegen -Distribution / o-Distribution
5(x) der Visualisierung) J-Dirac-Pulse / J-Dirac-Impuls
| > Distribution ® Generalized Function /
X R .
for/ Verallgemeinerte Funktion
"o T x=0
5(x) = fr 1 7 The Unit of the Delta-Distribution is the Inverse Unit
o for/ o X [m].6(x) {—} of the Argument / Die Einheit der Delta-Distribution
fur m ] ist die inverse Einheit des Argumentes
Definition of the & -Distribution / Sifting Property / Siebeigenschaft

Definition der & -Distribution

T 5(x—x0)dx‘=1/

[ f@86—xp)dx= f(xy)

X=-o0

F)6(x=xp) = f(xg) O(x—xp)
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

1-D Delta-Distribution / 1D Delta-Distribution

[ r@s0—x)dx= fxp)

X=—00

(f0).0(x—x0)) = f(xp)

Properties: Algebraic and Calculus Properties /
Eigenschaften: Algebraische Eigenschaften und Rechenregeln

ad(x—xp):

[ adt-x)fxde=ar(x)

X=—00

a(x)0(x—xy):

o

| a0 8x—x9) f()dx = axg) £ ()

X=—00

a(x) 0(x—xy) = a(xy) O(x—x;p)
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

1-D Delta-Distribution - Signal Processing - Sampling /
1D Delta-Distribution - Signalverarbeitung -Abtastung

Comb Function / f@®
Impulskamm
1 N / >
F0) Y 8¢-nT) | | | | | |
n= N =3r -=-2T -T 0 T 2T 3r
N
= > f®8G—nT) f@1)
n—N
)
= f(nT)6(t—nT)
N s B | T
| | | | | | [
=3r -=-2T -T 0 T 2T r
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)
3-D Delta-Distribution / 3D Delta-Distribution

Sifting Property / Siebeigenschaft

I} 5B @R =1

R=—

ffj FR)SR-R))E'R= f(Ry)
R=—o

FR)SR-Ry) = f(R;) S(R-Ry)

Distribution ® Generalized Function /
Verallgemeinerte Funktion

Az P.R)=0, 5(R-Ry)

(] p®&R= [[f 0. 6R-R )R )
R R=— T

—o, [[] s®-RpER R By
R=—o
-

=] — . —
=0, /4 _____ BRI g
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

3-D Delta-Distribution / 3D Delta-Distribution

SR -Ry)=3(x—x))0(y - y9)8(z—z0) Cartesian Coordinate System /
Kartesisches Koordinatensystem

=8(r—n) Sp-¢) Sz-2) = 8(r=r) (9= )3z~ 29) Cylindrical Coordinate System /
r r Zylinderkoordinatensystem

SW-th) Sp—@y) _ SR-R)SB-1%)5(p-¢))

=d(R-Ry) - Spherical Coordinate System /
R Rsind? R*sind Kugelkoordinatensystem
General Case /
_ (& —Gio) 8(&5 =) 8(&3 —&x0) Allgemeiner Fall
hg h, he,

ffj SR-Ry)d’R= ffj S(x=%0)8(y=0) 8(z-2)d’R= T T T S(x=2x9) 8y = ¥0) 8z~ 2 drdydz

R=— R=— 7=—00 y=—00 x=—00

= I I { I é‘()‘_)‘0)C‘x}a(y—yo)dy 8(z—zp)dz |=1

7=—00| y=—oo| x=—o0

L =1
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

3-D Delta-Distribution / 3D Delta-Distribution

m‘ SR-R)d'R= m‘ S(r=1)6(9—@y)d(z— 10)de ]‘Q J' '[50 10)0(9—9y)5(z— Zn)rdrd(pdz

R R r 220 =070 r

o | 22 =
= | I|:I§(r r)dr} (s %)rd(/l 8(z-z0)dz |=1
z=—oo| =0 r=0
]

=1

2. oo
m SR-Ry)d*R= m S(R- R0)5(17 HIP-%) 3 J” T jé'(R—RO)é‘(ﬂ—ﬂO)&((p—%)

R®sin#dRdsdg
2 sin g

#=08=0R=0 Rsind

Il
—

j j ja(R RO)dR}(s(ﬂ b pay 5:‘; ) g sin 9dg
9=0{ 5=0| R=0
]

=1
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

Electrostatic Point Charge Density / _ )
Elektrostatische Punktladung Q. = 0.(x. 0. %) [As]

Electrostatic Volume Charge Density / — _ _ _
Elektrostatische Raumladungsdichte Pe(%.3:2) = Qe 6(x = x9)3(y = y0) (2= 20)

Q. e Point/ Punkt

Electrostatic Line Charge Density / _ .
Elektrostatische Linienladungsdichte 6e(2) =6 (%9, Yo, Z)[AS/m]

Electrostatic Line Charge Density /
Elektrostatische Linienladungsdichte Pe(x,¥,2)=6.(2) 5(x—x0)5(y = Yo)

Line / Linie
6(2)
Electrostatic Surface Charge Density / 2
Elektrostatische Flachenladungsdichte (%, y) =17.(x, y, Zo)[AS/m ]
Electrostatic Charge Density / _
Elektrostatische Ladungsdichte Pe(x,9,2) =1 (x, ) 8(z - 7y) Surface / Surface

(X, y)
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Electrostatic (ES) Fields - Point Charge Concept /
Elektrostatische (ES) Felder - Konzept der Punktladung (...)

Amplitce of the Electastatc Potental: , Wagnituds of te Electrostaic Field Stengh: | E|
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ES Fields - Point Charge Concept /
ES Felder - Konzept der Punktladung (...)

Electrostatic Charge Density / R)=0.5(R-R
Elektrostatische Ladungsdichte PeR)=0. oR-R,)

Electrostatic Potential / @, (R)= L 3

Elektrostatisches Potential 47, ‘B—BO‘
| 1
R=Ro| J(x-x0)% + (3= 3> +(z—2)°

Electrostatic Field Strength / ER)=-V® (R)
Elektrostatische Feldstarke 0. R-R
_ R—XKy
478 |R Ry |’
1 1
IR-R P - 2 2 7\’
RBo (- + 0= + -’

1

[(X—Xo)2 +(y—y0)2 +(Z—Zo)2}

3/2
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ES Fields - Coulomb Integral / ES Felder - Coulomb-Integral

Poisson and Laplace Equation / Poisson- und Laplace-Gleichung

_Pe R) for/ Poisson Equation /
£ fir e R)#0 Poisson-Gleichung
AP (R)= 0
for/ _ o Laplace Equation /

0 fir Pe R)=0 Laplace-Gleichung

A=V?=V.V: Laplace Operator / Laplace-Operator

Limited Source Volume /

Begrenztes Quellvolumen Source Point /

Quellpunkt
#0 ReV;

%(R){ 0 Rev

Coulomb Integral / Coulomb-Integral:

@, (R)= Lm‘v pe(R) IR

B LAY Y Observation Point /
Angy Vs IR-R |

Beobachtungspunkt

Pe (B/ ) : known / bekannt
@, (R) : unknown / unbekannt
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ES Fields - Coulomb Integral / ES Felder - Coulomb-Integral (...)

b 2z

IR-R’| ®,(R) Coulomb Integral / Coulomb-Integral:
R
R @, (R) = J'.[ PR) PR
*IR R |
; Pe (B’) : known / bekannt
. i @, (R) : unknown / unbekannt
AD,(R) = A R)H4’R’
()mhme - A R)ER

3 : 1 —slr_w
472'50 J:U li :lpe(R )d R with A47Z‘B—R,‘ 6(3 B
——475(R-R')
==, R BOP B0 = - p®)
=p.(R)
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ES Fields - Green’s Function / ES Felder - Greensche Funktion

_ Lo pRD)
PR 47[80ﬁ ViIR- RI

o

p. R’ R’

N
V,:Source Volume /
Quellvolumen

V47€|R R |
[y ———

=GES(R-R')

Electrostatic Green’s Function / Elektrostatische Greensche Funktion
1 1

47 |R-R’I

for/fir R#R’

GBR-R)=—

with AGE(R-R)=-5(R-K]

Electrostatic Potential of an Electrostatic Point Charge /
Elektrostatisches Potential einer elektrostatischen Punktladung
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Normalized Potential of
a Point Charge /
Normiertes Potential
einer Punktladung
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Electrostatic Volume Charge Density /
Elektrostatisches Raumladungsdichte
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ES Fields - Potential of a Point Charge /
ES Felder - Potential einer Punktladung

with / mit B:xgx+ygy+zgZ
@.(R)
- Q.6R -R,) 3
P (R)= m =y &°R
SR -R
2 AR
IR— Rl
x V,:Source Volume / _ 0O 1
Quellvolumen 47&90 | B — BJr |
47r£0|R R, I

Pe(R)=0.5(R-R,)

B+ =X€, +y+§y tz,e,

Electrostatic Potential of a Point Charge /
Elektrostatisches Potential einer Punktladung

with  R=xe, + ye, +ze,

R, =xe +y.e +z.e¢€
Electrostatic Field Strength of a Point Charge /

Elektrostatische Feldstéarke einer Punktladung

with R=

R, =x.e +y.e +z,.¢e

xe, +ye, +ze,

Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6

Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Field of an Electrostatic Point Charge / Feld einer elektrostatischen Punktladung

- Q% 1
¢C(B)_4ﬂ_go |B—B+|

1 1
R-R,|  Je—x, P +(y=y, )2+ (z-2,)?
1

[c-x? + o=y 422 ]
E(R)=-V, (R)

-9 R-R,
475 |B_B+|3

R-R,  (x—x)e +(y-y)e, +(z-z)e

‘I—{_B+‘3 [\/(x—)gr)2 +(y—y+)2 +(z—z+)2 T

_ emxe H(y-yie, H(z-zy e,

3/2
|:(x_x+)2 +(y_y+)2 +(Z_Z+)2}
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Field of Two Electrostatic Point Charges - Electrostatic Dipole /
Feld von zwei elektrostatischen Punktladungen - Elektrostatischen Dipol

Field Lines of the Electric Field Strength of Two Spheres  Electric Field Lines of Two Spheres Carrying Charges of the
Carrying Charges of Opposite Sign / Feldlinien der Same Sign / Feldlinien der elektrischen Feldstirke zweier
elektrischen Feldstédrke zweier ungleich geladener Kugeln gleich geladener Kugeln
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Field of Two Electrostatic Point Charges - Electrostatic Dipole /
Feld von zwei elektrostatischen Punktladungen - Elektrostatischen Dipol

Electrostatic Potential / ®.(R)= 1 O.. 4 0.
Elektrostatisches Potential e\ =
4rgy | R-R,| |R-R |

1 1
RRe| o (= 3P (22
1

with/mit R =xe, + ye, +ze,

R, =xie +y.e +z€e

1/2
[ + O 4= 20)?

Electrostatic Field Strength /  E(R) =—-V®_(R)
Elektrostatische Feldstarke
1 R-R R-R_
= Oer +3 +0.- 3
| R-R[ T R-R|

R-R,  (x—xe +(y—yr)e, +(z-z)e;

37 3
[R-R.| [\/(x—xi)Z+(y—yi)2+(z—zi)2}
 Grmxpe H(y—yele, Hz-zie;

372
[(X—xi)z +(y—ys)? +(Z—Z¢)2]
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with/mit R =xe, + ye, +ze,

R, =xie +y.e +z.€,

Dr. R. Marklein - EFT | - WS 03/04
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Field of Two Electrostatic Point Charges - Electrostatic Dipole /
Feld von zwei elektrostatischen Punktladungen - Elektrostatischer Dipol

Al of te Elestostat Potentl: ¥, Magnitde of the Electrostat Field Srength: |l

1 ' 2500
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& =
0.5 L] 05
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10 11600
£ o o £
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e @ s
@ o0
40
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d y N 55 0 05 1

xinm ainm

Field Lnes of e Electostate Field Srengh:  E<E e € & 4E ¢
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o o g0
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s 20 o
o 3 -0s
& @
25, L — o
i L e
r
4 "
Y o5 o o5 1 Y 05 o 5 i

Dr.-In¢

21
Electrostatic (ES) Fields / Elektrostatische (ES) Felder
Field of Two Electrostatic Point Charges - Electrostatic Dipole /
Feld von zwei elektrostatischen Punktladungen - Elektrostatischer Dipol
Amplitude of the Electrostatic Potental: &, Wagnitude of the Electrostatc Field Stength: | El
" o ” -
* g'za g :
S, “ "
o Q‘m 20 20
3 f @ j
Dr.-Ing 22
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Electrostatic Field Due To Two Point Charges /
Elektrostatische Feld von zwei Punktladungen
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Iy Q, = 1 As located at Ax,y,2) = (3,0,0)
6 and
Q, = -1 As located at Ax,y,2) = (-3,0,0)
In this demo, arrows are used to
_ - 1C sketch the electric field pattern in
Q,=-1C Q the xy plane due to:
I I . I I ' I
-6
‘-l Q, alone / Q, alleine
oo
‘-l Q;and Q, /Q,and Q,
] | Note:
-6 Color Intensity is Proportional to the

Magnitude of the Electric Field
Strength. /

Die Farbintensitat ist proportional zur
Magnitude der elektrischen
Feldstarke.

23

Electrostatic Field... / Elektrostatische Feld...
Q, alone / @, alleine

Q/ =1
and

Q, = -1 As located at Ax,y,2) = (-3,0,0)

As located at Ax,y,2) = (3,0,0)

In this demo, arrows are used to

| _
=
e S S S ST S | R S
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114
ek LA sketch the electric field pattern in
DD S the xy plane due to:
— Dt a4 I e S i
6 il e 6 ‘-l Geometry / Geometrie
" ’fi i o ‘-l Q, alone / Q, alleine

Q, alone / Q,alleine

Q;and Q, /Q,und Q,

Note:

Color Intensity is Proportional to the
Magnitude of the Electric Field
Strength. /

Die Farbintensitat ist proportional zur
Magnitude der elektrischen
Feldstarke.

24
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Electrostatic Field... / Elektrostatische Feld...
Q, alone / @, alleine

Q; = 1 As located at Ax,y,2) = (3,0,0)
and
Q, = -1 As located at Ax,y,2) = (-3,0,0)

In this demo, arrows are used to

1
=
e S S LA SRR | EE N A S
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LR R
by sketch the electric field pattern in
Q::i f(:;fw X the xy plane due to:
= A AL e G t G tri
6 PR SNy 6 ‘-l eometry / Geometrie
N: : . ‘-l Q, alone / Q, alleine

‘-l Q, alone / Q,alleine

Q;and Q, /Q,und Q,

Note:

Color Intensity is Proportional to the
Magnitude of the Electric Field
Strength. /

Die Farbintensitat ist proportional zur
Magnitude der elektrischen
Feldstarke.

25

Electrostatic Field... / Elektrostatische Feld...
Q,and @,/ Q;und Q,

7
I
I
1
I
1
I
1

Q; = 1 As located at Ax,y,2) = (3,0,0)
and
Q, = -1 As located at Ax,y,2) = (-3,0,0)

In this demo, arrows are used to

Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6

¥ v . " !
N i i Aot SN ; ; ] sketch the electric field pattern in
bl X‘(‘-(*T‘_-_'_T_“.“““”.’L'. . ’i the Xy plane due to:
=G T A Ry s ‘- Geometry / Geometrie
6 I R R R e o a4 T I] 6 i v/
T :Q:‘**T‘“’ﬁ;; * 4 ‘-l Q, alone / @, alleine
J,’ ‘-l Q, alone / Q,alleine
1 | |
1 ‘ Q;and Q, /Q,und Q,
| .
‘6T Note:

Color Intensity is Proportional to the
Magnitude of the Electric Field
Strength. /

Die Farbintensitat ist proportional zur
Magnitude der elektrischen Feldstarke.

26
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Transition Conditions = ? / Ubergangsbedingungen = ?

Fol ol BbcrocnlcFRdSHenst. E<E,0, 0 0,

“’"(B)={Z oy 0l
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Boundary Conditions = ? / Randbedingungen = ?

Point Charge Attracted to a Electrically Charged Sphere /
Punktladung angezogen von einer elektrisch geladenen Kugel

http://web.mit.edu/jbelcher/www/att.html
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Boundary Conditions = ? / Randbedingungen = ?

Point Charge Repulsed By A Charged Sphere /
Punktladung abgestoRen von einer elektrisch geladenen Kugel

http://web.mit.edu/jbelcher/www/att.html
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ES Fields: Transition and Boundary Conditions /
ES-Felder: Ubergangs- und Randbedingungen

Governing Equations in Integral Form /
Grundgleichungen in Integralform

Transition Conditions / Ubergangsbedingungen

n .
Medium (2) ‘ = Sinterface) For / Fiir

Medium (1) Re Sl

nx[E? (R.1)-E" () |0

n.(R,1) ws/mq

n-[D% (R)-D" (R.1) }z{ 0 sf/qf

ws: with sources; sf = source-free /
mg = mit Quellen; gf = quellenfrei

Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6

$r s ER)-dR =0

§by_y DR.0)-aS = [[[ p.R.HAV

Boundary Conditions / Randbedingungen
n

Medium - SB(oundary) For / Fir
7 /‘
Re S
é =B
nxE(R,7)=0 pec / iel

n-D(R,1)=7,R,7) pec/iel

pec = perfectly electric conducting; pmc = perfectly magneti
conducting / iel = ideal elektrisch leitend; iml = ideal
magnetisch leitend

30
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ES Fields: Transition and Boundary Conditions /
ES-Felder: Ubergangs- und Randbedingungen

Transition Conditions / Ubergangsbedingungen

I n
Medium (2)

Medium (1) = Re Sygerface)

nx[E® (R)-E” (R) | =0

n-[D? (R)-D" (R) [=7.®)

Boundary Conditions / Randbedingungen
n o.R)—>e

Medium

r/

pecfiel
B € SB(oundary)

nxE(R)=0 pec / iel

n-D(R)=7,(R) pec/iel

ws: with sources; sf = source-free /
mg = mit Quellen; gf = quellenfrei

pec = perfectly electric conducting /
iel = ideal elektrisch leitend

nxE(R)=E,, [R)
=E,,(R)e

tan

Vector Tangential Component of
E,R): . . ER)
Vektorielle Tangentialkomponente von
Scalar Tangential Component of
Effln (B) : . E(B)
Skalare Tangentialkomponente von

El(m(2) (B) - El(m(l) (B) =0
D,” (R)-D," (R)=1.(R)
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n-D(R)=D,(R)

Scalar Normal Component of
D,(R): D(R)
Skalare Normalkomponente von

E.,(R)=0 pec/ iel
D,(R)=7.(R) pec/iel

31

ES Fields: Transition and Boundary Conditions /
ES-Felder: Ubergangs- und Randbedingungen

Transition Conditions / Ubergangsbedingungen

I n
Medium (2)

M-edium m - BE Sl(merface)

Elan(z) (B) _Elan(l) (B) =0
p,” (R)-D," (R)=7,(R)

Boundary Conditions / Randbedingungen

n R -
pec/iel

Medium
BE SB(oundury) 7, -

E,

tan

(R)=0 pec /el

D,(R)=7.(R) pec/iel

ws: with sources; sf = source-free /
mq = mit Quellen; gf = quellenfrei

pec = perfectly electric conducting /
iel = ideal elektrisch leitend

E(R)=-ve" (R)

nxV[ 2 (R) - (R)]=0

o (R)-2" (R) =,

_7®

09220 (R) 6o (R) |-
&
on

9 2 &Y 3 g 7. (R)
a*q’f: '(R) -5y a—d)f)(R) ==
n g® on &8,

Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6

D(i) (B)zgogr(f)E(i) (B) i=12
- 580 ()

nxV®, (R)=0
0

@, (R)=
Eoér L:_‘Vq:)e (B) =-7.(R)
9
“on
J 7. R)
o (R)=-1=
on (B) £E,
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Transition Conditions / Ubergangsbedingungen

I n
Medium (2)

Medium (1) = Re Sipertace)

E @ (B) _Etan(l) (B) =0

tan

D,? (R)-D," (R)=7,(R)

E/an(Z) (B) - E/an(l) (B) =0
U
(I)SEZ) (B) _(bgzl) (B) =, =const.

D,” (R)-D,” (R)=7.(R)
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ES Fields: Transition and Boundary Conditions /
ES-Felder: Ubergangs- und Randbedingungen

Boundary Conditions / Randbedingungen
n o.R)—e
Medium B pec/iel

B € SB(oundary) 7
Z
E,(R)=0  pec/icl

D,(R)=7,(R) pec/iel

@, (R) =D, = const.

D, (R)=7.(R)
U

2L, (R)=——
on &E;

7.(R)

33

Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Boundary Conditions / Randbedingungen

E(R),D(R), @ (R)

0. (R) >0

n / pec/iel<_ ®
7

D, (R) =D,y =const. (P,o=0V)

Medium

BG SB(oundary) 7

J 1
»— & (R)= R
on ¢ (R) &5, 7. ®)

L, Neumann Boundary Conditions for ¢, /
Neumann-Randbedingung fur &,

Dirichlet Boundary Conditions for ¢, /
Dirichlet-Randbedingung fiir ¢,
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Electrostatic (ES) Fields - Poisson and Laplace Equation /
Elektrostatische (ES) Felder - Poisson- und Laplace-Gleichung (3)

Laplace Operator in Cartesian Coordinates / Laplace-Operator in Kartesischen Koordinaten

_Pe (x,y,2) for/ Poisson Equation /

% 9r 97 c fir Pe(%¥2)#0 Poisson-Gleichung
Sttt [Py D)= 0
ox~ dy” 9oz 0 for / (x.y.2)=0 Laplace Equation /
fir PeH1O= Laplace-Gleichung
1
Exampltle: pn Jylr;ction -pn Diod%/ 1 Example: / Beispiel:
Beispiel: pn-U - Di
eispiel: pn-Ubergang - pn Diode : AY D, =10V
- - — |+
1
- - 1 "
N : <I>e=OV/ P, =0V
I ks > 1 D, =0V
—d, 0 d, x 1 > x
for / ! 2 9
3 o gy TdnSXS0 5+ [P ) =0
72q>e(x)=g for/ | ox~  dy
dx e fir 0<x=<d, 1
1
1

q Separation of Variables / |

Separation der Variablen -+
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Electrostatic (ES) Fields - Boundary Value Problem (BVP) /
Elektrostatische (ES) Felder - Randwertproblem (RWP)

_Pe(x,y.2) for/ Poisson Equation /

2 3 7 & fir Pe(6».0#0 Poisson-Gleichung
7+72+72 <I>e(x,y,z)=
ox~ dy° oz 0 for / (x,9.2)=0 Laplace Equation /
fir  PelH) )= Laplace-Gleichung
. Examples: / Beispiele:
/,! Between the Plates: -~ AYD =10V
e —  Vacuum & -/~ + | —_
Zwischen den Platten: 1
—  Vakuumé&, #
oY ADR)=0 6. 300 1 ©
leEzg _ A®)=0 nxE=0 : ¢
Z I
;", - @,R)%0 |
/ — ” + Ve 1
Boundary Conditions (BC) / # 82 aZ
4 Randbedingungen (RB)r; 1 + (I,e (x, y) =0
> | wt oy’
A- + X
D, (R)= = . .
E(E)— - + pL®=0 I Separation of Variables /
ER) =04 .- L ER=0 " Separation der Variablen -
- $=0 - x=d |
@, =0 T D =D >0 I
1
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung

AP, (R)#0

=0 P o<x<d
P.R)#0 Partial Differential Equation / g, (R)
Partielle Differentialgleichung e for/ x=0
#const. .
Z fir  x=g4
f"" Between the Plates:

— Vacuum & / +

Zwischen den Platten: Boundary Conditions (BC) / x=0: q>e =0
—  Vakuumé&, Randbedingungen RB) . — - &, =D, >0

o, >l AP (R)=0 —

Between the Plates Laplace Equation:
Zwischen den Platten: Laplace-Gleichung

A®,(R)=0

/ + I/
Boundary Conditions (BC) / ¢

/ Randbedingungen (RB) ... Cartesian Coordinates /
Ve v

... Kartesische Koordinaten

+ > 32 32 82
X S5t ot [Py 2)=0
+ Lo, R =0 ax” dy” dz
ER)=0
+ E®)=0 ... Because of the Symmetry /
x=d ... wegen der Symmetrie
P, =D, >0

2
d
=@, (x)=0
Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6 dx
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten
Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung
AP (R)#0 &2
2. (R)%0 Eébe(x):o O<x<d
z Integrating once / Integriere einmal
Between the Plates: 2
— Vacwumé /  + jd—cp (dr=| L@, () |=const=a
Zwischen den Platten: at c dx ¢
— Vakuumé&, # d
o, M AP (R)=0 O, > |:a<l>e(x)}:const:a
nxE=0 P.(R)=0 nxE=0
f""’ - Integrating twice / Zweifache Integration ergibt
ﬁ - 2®#0 d
g"' _ +¥ J{[ad)e(x)}:const:a}dx:‘:be(x):ax+b
Boundary Condition (BC) / #,
/ Randbedingung (RB)
L~ [V > D, (x)=ax+b
+
X
+ @, (R) =0 |:> O, (x)=ax+b O<x<d
+ E®=0
x=d
P, =D, >0
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung

AP, (R)#0
p.R)#0

Z

f"" Between the Plates:
— Vacuum & / +
Zwischen den Platten:

— Vakuumé&, +
o, > Ml AD,(R)=0 + o >0
nxE=0 PR)=0 nxE=0
- +

’/’ - ®,R)%0
/

— + I
xBoundary Condition (BC) / #
Randbedingung (RB)
Ve Y/

+
+po.® =0
+p ER)=0
x=d
P, =D, >0
Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6

|:> @, (x)=ax+b

Boundary Conditions (BC) / Randbedingungen (RB)
x=0: o, =0
x=d: O, =P,,>0

@, (x=0)=a(x=0)+b

- -
b=0

D, (x)=ax

D (x=b)=a(x=b)

Q‘ =<De0
)

d

Solution for the Electrostatic Potential /
Losung fur das elektrostatische Potential

|:> <I>e(x)=¢:;0x 0<x<d

39

ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung

AP, (R)#0
p.R)#0

Z

Between the Plates:
— Vacuum & / +
Zwischen den Platten:

— Vakuumé&, #
O, —> AP, (R)=0 O, >
nxE= PR)=0 nxE=0

- + ¥

Boundary Condition (BC) / #
/ Randbedingung (RB)

1~ w2

Partial Differential Equation (PDE) /
Partielle Differentialgleichung (DGL)

a2
@CIDE(X):O O<x<d

Boundary Conditions (BC) / Randbedingungen (RB)
x=0: o, =0
x=d: P, =D, >0
Solution for the Electrostatic Potential /
Losung fir das elektrostatische Potential
q)e()
D, ()= d
0 else / sonst

x 0<x<d

+
+ o, ®R =0
+P ER)=0
x=d
P, =D, >0
Dr.-Ing. René Marklein - EFT | - WS 06 - Lecture 6 / Vorlesung 6

B

D, (%)

y

0
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /

ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten
Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung
AP, (R)#0

P(R)#0

Electrostatic Potential / Elektrostatisches Potential

q)e()
D, ()= d
0 else / sonst

x 0<x<d
Z

f"" Between the Plates:
— Vacuum & / +

Zwischen den Platten:

- Vakuumé ER)=-V®,(R)
o, >l AP (R)=0 —> o0 d
nxE=0 p.(R)=0 nxE=0 Bx==y P, meocx<e
vy B d [ Pe
— <x<
f - ®,R)#0 - dx( 4 “‘]gx O<x<d
/ — + 0 else / sonst
Boundary Condition (BC) / [
,:;l,Randbedmgung (RB) Y > B _%gx 0<x<d
+ X 0 else / sonst
2 ®)=0 |:> The Electrostatic Potential and Electrostatic
+ ER)=0 Field Strenth are Discontinuous at the Plates /
Das elektrostatisches Potential und die elektrostatische
x=d Feldstdrke sind unstetig an den Platten
P, =D, >0
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten
Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung
Representation of the Electrostatic Field Strenth
D using the Unit Step Functions: /
E(x) = = d e, 0<x<d Darstellung der elektrostatischen Feldstarke
= durch Einheitssprungfunktionen:
0 else / sonst
A u(x)
A 1
E.(x)
R x=d X
'x A ux-d)
1_
. o . _ T x
Step Functions / Einheitssprungfunktionen x=d
A u(x)-u(x—d)
. 1 x>0 1
u(x) =
0 x<0
4w x=d X
1——
> E(x)*fﬁ[u(x)fu(xfd)]e o< x<oo
< E=— e,
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten

Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung

V.DR)=p.(R)

d
9 =)
%Dxm =p.(0) a7

=u'(x)
d
&—E ()= p.(x) o0 o=
dr [v@r@de=uef @7, - [ u@/ (dr
d o P #, -
— X(x) — e/
dx &

= u(e) f(e0) ~u(=) f(—) |- [ f(0)dx
—— ——

A =P dr o e ~
o E.(x) y dx[u(X) u(x d)] _if(w) 0 . 0
@l d = flea) = f (3
didx & = f(e)=[f ()= (0]
o d(x) S(x—d) — f(O)
=——2L[5(x)~6(x—d) T
4 1P03ta) [ Y@ r@ar= 0
_P) —o=5(x)
& u'(x) = 6(x)
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ES Fields - Electrostatic Field Between Two Parallel PEC Plates /
ES Felder - Elektrostatisches Feld zwischen zwei parallelen IEL Platten
Boundary Value Problem (BVP) - Electrostatic Poisson Equation /
Randwertproblem (RWP) - Elektrostatische Poisson-Gleichung

AP, (R)#0
pP.R)#0

P(X)=g %[—5@) +8(x—d)]

~—~—Electric Surface Charge Density /

Z =0 Elektrische Flachenladungsdichte

Between the Plates:
— Vacuum & / +
Zwischen den Platten:

=119 0(xX) +7ep0(x —d)

— Vakuumé& ’
o, M AP (R)=0 O, =
nxE=0 P.R)=0 nxE=0
Vy (x)
A ew=o ”
‘,.ll" _ + / 0
Boundary Condition (BC) / #
?/‘ Randbedingung (RB) o > >
+ ! X
x x=d
+ [ P.(R)=0 /)
ER)=0
+ ER)=0 _neoa(x) T]eoé‘(x—d)
x=d
P, =d,,>0
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End of Lecture 6 /
Ende der 6. Vorlesung
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