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FIT Discretization of the 3rd and 4th Maxwell’s Equation /
FIT-Diskretisierung der 3. und 4. Maxwellschen Gleichung

Governing Analytic Equations FIT Grid Equations
Maxwell’s equations in integral form / Maxwell’s grid equations /
Maxwellsche Gleichungen in Integralform Maxwellsche Gittergleichungen
d d
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

Electric Gauss’ grid equation - 3rd Maxwell’s grid equation in global matrix form /
Elektrische GauBsche Gittergleichung - 3. Maxwellsche Gittergleichung in globaler Matrixform
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Inhomogeneous, anisotropic case /
Inhomogener anisotroper Fall

Ve {e(R):[VOe(R) ] =—pe(R)

Homogeneous, isotropic case /
B)-[—Vcbe(g)]} Homogener isotroper Fall
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall
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6(3) Inhomogeneous, anisotropic case /
Inhomogener anisotroper Fall
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FIT Discretization of Scalar Electric Potential /
FIT-Diskretisierung des skalaren elektrischen Potentials

Differential form / Differentialform

E(R)=-V®(R)
FIT grid equation / FIT-Gittergleichung
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FIT Discretization of Scalar Electric Potential /
FIT-Diskretisierung des skalaren elektrischen Potentials

Integral form / Integralform
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FIT Discretization of Scalar Electric Potential /
FIT-Diskretisierung des skalaren elektrischen Potentials
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation /
Elektrostatische Poissonsche Gittergleichung

E(R)=-V®,(R) (E} =~ [R] " [grad]{@]

Inhomogeneous, anisotropic case / [divIieISTE = _[divlieSTIRT oradl{®
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation /

Elektrostatische Poissonsche Gittergleichung
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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Electrostatic Poisson’s grid equation /
Elektrostatische Poissonsche Gittergleichung
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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Discrete Poisson’s Grid Equation / Diskrete Poissonsche Gittergleichung
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation / Elektrostatische Poissonsche Gittergleichung
[aiv[eJSI[R] *[grad] {@c} ={V]{pe]

Homogeneous isotropic case for a cubic grid complex /
Homogener isotroper Fall fur ein kubischen Gitterkomplex

[/E]SN can = 0 [Ty o
[S] = (a%)? [Mansan

[R]_l - i[I]SN x3N

[V]=@0)%[1],,

vz [1] (0 [1)-[1][grad] {0} =—(a°[1]{ e}

aferaa]fo) -2y,

Electrostatic Poisson’s grid equation / Elektrostatische Poissonsche Gittergleichung

o raal) - 2 o
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Band Structure of the Div-Grad-Operator in Matrix Form /
Bandstruktur des Div-Grad-Operators in Matrixform

o
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Band Structure of the Div-Grad-Operator in Matrix Form /
Bandstruktur des Div-Grad-Operators in Matrixform
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Band Structure of the Div-Grad-Operator in Matrix Form /
Bandstruktur des Div-Grad-Operators in Matrixform

3-D case/ —— \\ N
3D-Fall di dl= RO
EREEENN

N

. A
—|div|[grad] = S\\\

-D case in the — _ N
2[>)<z plane/th [dlv][grad]: \\1 A

2D-Fall in der
xz-Ebene

_[d/};] [grad] = \\ >



Numerical Methods for Linear Systems /
Numerische Methoden fir lineare Gleichungssysteme

One the simplest type of iterative methods for solving the linear system /
Einer der einfachsten Typen von iterativen Methoden zur Losung des linearen Gleichungssystems

[A]{x} ={b}
- Gaussian elimination (Gauss method) / GauRsches Eliminationsverfahren (GauR-Methode)

- Jacobi method () method) / Jacobi-Methode (J-Methode)
- Gauss-Seidel method (GS method) / GauR-Seidel-Methode (GS-Methode)

. Successive overrelaxation method (SOR method) / Uberrelaxationsverfahren (SOR-Methode)
- Symmetric successive overrelaxation method (SSOR method) /

Symmetrisches Uberrelaxationsverfahren (SSOR-Methode)
- Conjugate gradient method (CG method) / Konjugierte Gradientenmethode (KG-Methode)

- Multi grid methods (MG method) / Mehrgitterverfahren (MG-Methode)

- Algebraic multi grid method (AMG method) / Algebraische Mehrgitterverfahren (AMG-Methode)
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Numerical Methods for Linear Systems /
Numerische Methoden fir lineare Gleichungssysteme

Algebraic multi grid method (AMG method) / Algebraische Mehrgitterverfahren (AMG-Methode)

RVANAVAN,
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Numerical Methods for Linear Systems /
Numerische Methoden fir lineare Gleichungssysteme

Algebraic multi grid method (AMG method) / Algebraische Mehrgitterverfahren (AMG-Methode)
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Iterative Methods for Linear Systems /
Iterative Methoden fiir lineare Gleichungssysteme

[A]{x}={b]

LU decomposition of matrix [A] / [A]=[L]+[D]+[U]

LU-Zerlegung der Matrix [A]

0 0 0
0
Lower triangular matrix / o .
Unter Dreiecksmatrix [L]: A A 0
: 0 0
A Avz o Avne-y O]

Main diagonal matrix / pl=[di
Hauptdiagonalmatrix [D] - g { Az, Ao ’ANN}:|N><_N

0 A, -+ - An
0 O :
Upper triangular matrix / lo o -
Obere Dreiecksmatrix [U]_ A(N—2)N
O An-yn
0 0 0 0 nen

[AJ{x}={b} — {[L]+[D]+[U]}{x}={b} — [D]{x}=—{[L]+[U]}{x}+{b}
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Iterative Methods for Linear Systems /
Iterative Methoden fiir lineare Gleichungssysteme

[AJ{x} = {b]
([L]+[D]+[U]}x} - b]
[DJ{x} =~ {[L]+[U]} {x} + b}
(x) =[P {[L]+[ U] ) +[0] "o
6] {4
-[G]{x) +{¢

" =[6] (" +{e} 1=12....L

- Jacobi method () method) / Jacobi-Methode (J-Methode)

- Gauss-Seidel method (GS method) / GauR-Seidel-Methode (GS-Methode)
> . Successive overrelaxation method (SOR method) / Uberrelaxationsverfahren (SOR-Methode)

- Symmetric successive overrelaxation method (SSOR method) /
Symmetrisches Uberrelaxationsverfahren (SSOR-Methode)
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Jacobi Method / Jacobi-Methode

[G],=-[p] *{[L]+[U]}
{c},=[D]"*{b}

N
X = Gyjj XEI)JFCJJ 1=12..L
=

It follows with the LU decomposition of matrix [A] /
Mit der LU-Zerlegung der Matrix [A] folgt

i—1 N
Xi(|+1) :ZGJJJ XEI)Jr Z Gy XEI)JFCJ,i |1=12...,L
j=1 j=i+1
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Jacobi Method / Jacobi-Methode

2-D case in the xz plane / ——

2D-Fall in der xz-Ebene

—_—

—div][grad| =

Al 01U = | N\

4
-1
1

N _\
LN |

LN

—div][grad]{®,}

74

N

A

N
AN

el

808r

{x} =[P {[L]+[U]} {x} +[D] " {b} =[G], {x} + (e},

[G], =[O {[L]+[u]} =- AN
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Jacobi & Gauss-Seidel Method / Jacobi- & Gauss-Seidel-Methode

|
P
[\
“l_

(P =[6], (0 + (e, 1=

[G],=-[p] H{[L]+[U]}
{c},=[D]"*{b}

(14D :1[ (n—MZ,I)+X(n—MX,I)+X(n+MX,I)+X(n+MZ,I)+b(n)}

[Glgs =—([P]+[L]) U]

{egs =([D] +[L]) " {b}

(14 zl[x(n—mz,lﬂ)+X(n—|v|x,|+1)+X(n+MX,|)+X(n+MZ,|)+b(n)J
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Successive Overrelaxation Method (SOR Method) /
Uberrelaxationsverfahren (SOR-Methode)

{X}(|+1) :{X}(I) —a)[@(lﬂ) _{X}(l)} =12 L

-(1-0) " +afy]

Algebraic field vector at theiteration step | /
Algebrischer Feldvektor zum Iterationsschritt |
—(1+) Gauss-Seidel vaue at theiteration step 1/
g Gaul3-Seidel-Wert zum Iterationsschritt |
 Relaxatios Parameter /

" Relaxationsparameter

{X}(I+l) :

Under relaxation method /
Unterrelaxationsmethode
Gauss-Seidel method /
Gaul3-Seide-Methode
Over relaxation method/
Uberrelaxationsmethod

O<w<l :

1<w<?2 :
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Successive Overrelaxation Method (SOR Method) /
Uberrelaxationsverfahren (SOR-Methode)

—(1+1)

— (1-0){x}V + ox}
{1 = (1- ) XV + ox{1Y

i—1 N
:(1—Cl)) XI(I) +C{){ZG\]’"‘ X§|+1) + Z GJ,ij XSI) +CJ,i} | :1,2 ..... N
j=1 j=i+1

i—1 N
Xi(|+1):(1—0))Xi(|)+a){—ZDiilLij X - 3 Dy, Xgl)_'_CJ,i} 1=12..,N

j=1 j=i+1

:[G]SOR :{C}SOR
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Dr.-Ing. René Marklein

Successive Overrelaxation Method (SOR Method) /
Uberrelaxationsverfahren (SOR-Methode)

(1+1)

(1-0){x}" + ofx}

{ }(I+1) ([D]+a)[L]) [(1 a) UH +a)( D]+a)[L]) { } i=12...,

_[G]SOR { }SOR

[Glgor =([P]+a[L]) " [(1-@)[D]-[U]]
{e}oor =@([D]+@[L]) " {b}

Y =[G 1V H{elgr  1212.L
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Symmetric Successive Overrelaxation Method (SSOR Method) /
Symmetrische Uberrelaxationsverfahren (SSOR-Methode)

Forward SOR step / Vorwdrts-SOR-Schritt

J

[,Jj i1 (|+1) N |
% Y =(1-0)+0> Gy x; P+ D Gy x4y, 1=12....N

Backward SOR step / Rickwarts-SOR-Schritt

x-(|+1)(1a))x-(l+2j+a){§G " x[|+2j+ S Gy x{ +c } i=N,N-1...,1
1 - i NAT I AT J,i - e

Forward SOR step / Vorwadrts-SOR-Schritt

1+

<1—w>{x}"’—w{[n1l[u{x} E +[D]1[U]{X}("—[D]1{b}} =12\

1
() _

X

Backward SOR step / Ruckwarts-SOR-Schritt

1

(" =<1—w>{x}“+2)—w{[n]1[L]{x}(”2)+[vl1[U]{x}“>—[n11{b}»} NN
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Convergence of Point Iterative Methods /
Konvergenz von punktiterativen Methoden

O<CUSOR<2

O<C()SSOR<2
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Error Vector and Error Measure / Fehlervektor und Fehlermal

Symmetric positive deflane.[A] matrix / p([L][U])S—
Symmetrische positiv-definite [A] Matrix 4

D
T
cos| ——
Approximation for a D-dimensional Dirichlet problem / dZ::l (Nd}
Approximation fiir ein D-dimensionales Dirichlet-Problem p([G]J)_ D
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Optimal Relaxation / Optimaler Relaxationsparameter

(31" ~[6]1x (¢
(x} (6] + ¢
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L1+ _ ()
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Transition Conditions / Ubergangsbedingungen

n
Medium (2) ? o

Medium (1)

— Re SI(nterface)

ES (R)-EG (R)=0
D{? (R) - D{? (R)=7(R)

Et(azr?( )- Et(al%( )=0
U
o@ (R) -0 (R) = Dy = const.

D? (R)-D{? (R)=7(R)

&7 0 oM (py_ 1
(2) an (I)e (B) gogr(z) Ue(B)
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Boundary conditions for the electrostatic potential /
Randbedingungen fiir die elektrostatische Potential

E(R), D(R),c(R) o (R) -5 o

n pec/id

Medium

_ ___

= Do (R)=Dgp=const. (Dgg=0V)

R € Sg(oundary) * 7e(R)

—— Lo, (R)=--*

on Eo&y

17e(R)

.y Neumann Boundary Condition for ¢, /
Neumann-Randbedingung fir &,

v

Dirichlet Boundary Condition for ¢,

/
Dirichlet-Randbedingung fur &,
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Example: 2-D Dirichlet Problem / Beispiel: 2D-Dirichlet-Problem

BZXQX-I-ZQZ
®,=0 q)e:O cDeA:O CDeffO o, =0
), @, @, @, C —Aq)e(B) _ pe(B) ReS
Eoéy
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S 0O——@——@——@——0 D_=0 .
_ngs— V[VCDe(B)J °®=—I.Uv Pe(R) AV
A @ O .60 O] .(6) = Eoéy
q)e e (De e cI)e e
00— g g o,.-0 ReS
Dirichlet boundary condition for @, /
d)g) pé7) q)(es;) é8) q)((eg) ,oég) Dirichlet-Randbedingung fur &,
~0Q——¢——¢=—¢=—0 =0 Do(R)=0 ReCp=05
e 1\ ( (1)\
(4 -1 0 -1 0 0 0 0 O] o i
p O O O O B - o@| |b@
D=0 By=0 P.=0 Pd,=0 P,=0 |-1 4 -1 0 -1 0 0 O O ?3) -
0 14 0 0 -10 0 0% P
. AX)? — _ — o b
‘[dlv][grad]{q)e}=(gg) {Pe} 10 0 4 -1 0 -1 0 O e
T A L 0 -1 0 -1 4 -1 0 -1 0{o®}=1{p®
6 0 -1 0 -14 0 0 -1||p® H(©)
Dirichlet boundary condition for ®, / O 0 0 -1 0 0 4 -1 0 ?7) R
Dirichlet-Randbedingung fur &, 0 0 0 0 10 -1 4 1 Dg b
(M) _ o — _ - - Tlo® | |p®
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Dr.-Ing. René Marklein - NFT | - Lecture 12 / Vorlesung 12 - WS 2005 / 2006

39



Example: 2-D Dirichlet Problem / Beispiel: 2D-Dirichlet-Problem

Pe(X,2) = &0 0 (X —X5)0(2 — 2g) R =Rg =Xse, + 7€,

—
Moo

o ST ]
oo

—
PMNEMCeoD
L
T ]
oo,

—
MNhEdDoo

15
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5

1 2 3 2 4 6 246810 5 1015 51015 S1010 S5102@5 1020 30
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EXample: Z—U UIricniet Fropiem ; Beisplel: Zu-viricniet-
Problem

2000 T T T 1 ! T T T T
5 ; —&— Jacohi 5 : —&— Jacobi
: —— Gauss-Seidel : : —t— Gauss-Seidel
1800 - : ; : —=— SOR with / mit wopt : —5— SOR with / mit wopt

1600
1400
1200

600

Number of iterations to reach the tal /
Anzahl der lterationen zum Erreichen von tol
Number of iterations to reach the tol /
Anzahl der lterationen zum Erreichen von tol

400

200
: e e e e e .
0 L L = | | | L L L
3 7 11 15 19 23 27 30 3 7 11 15 19 23 27 30
Number of nodes in each direction / Number of nodes in each direction /
Anzahl der Knoten pro Richtung Anzahl der Knoten pro Richtung
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End of Lecture 12/
Ende der 12. Vorlesung
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