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FIT Discretization of the 3rd and 4th Maxwell’s Equation /
FIT-Diskretisierung der 3. und 4. Maxwellschen Gleichung

Governing Analytic Equations FIT Grid Equations
Maxwell’s equations in integral form / Maxwell’s grid equations /
Maxwellsche Gleichungen in Integralform Maxwellsche Gittergleichungen
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

Electric Gauss’ grid equation - 3rd Maxwell’s grid equation in global matrix form /
Elektrische GauRsche Gittergleichung - 3. Maxwellsche Gittergleichung in globaler Matrixform
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

E(R)=-V&,(R) Inhomogeneous, anisotropic case /
Inhomogener anisotroper Fall
D(R)=¢(R)-E(R)
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FIT Discretization of Scalar Electric Potential /
FIT-Diskretisierung des skalaren elektrischen Potentials

Differential form / Differentialform

E(R) =V, (R)
FIT grid equation / FIT-Gittergleichung

Integral form / Integralform (E} =—[R]’1[grai]{cl>e}(")
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FIT Discretization of Scalar Electric Potential /
FIT-Diskretisierung des skalaren elektrischen Potentials

Integral form / Integralform
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FIT Discretization of Scalar Electric Potential /
FIT-Diskretisierung des skalaren elektrischen Potentials
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation /
Elektrostatische Poissonsche Gittergleichung

E(R)=-V®,(R) {E} =—[R] *[grad] {®,}
Inhomogeneous, anisotropic case | (IS~ SR s,
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3-D FIT - Electrostatic Case /
3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation /
Elektrostatische Poissonsche Gittergleichung

[ [EISIRT [eraal e} =V]{pe}

o (1)
[da{ayadt],,, [0] [0] g = P01y,
[§]: [O] [diag{AXAZ}]NxN [0] (N:)
[q] [q] (ol AXAYV o Jacan @Oy
[diag{ A ]y, [0] [0]
Rl=| [0 [diag{Ay}]y,, [0]
[O] [0] [diag{AZ}]NxN 3N %3N
[diag{iﬂw [0 [0
R R
0 o [asfg)]

3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation /
Elektrostatische Poissonsche Gittergleichung
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall
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Discrete Poisson’s Grid Equation / Diskrete Poissonsche Gittergleichung
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3-D FIT - Electrostatic Case / 3D-FIT - Elektrostatischer Fall

Electrostatic Poisson’s grid equation / Elektrostatische Poissonsche Gittergleichung

e T L

[aiv[=[S][R] " [grad}{@e} = {V]{pe|

Homogeneous isotropic case for a cubic grid complex /
Homogener isotroper Fall fur ein kubischen Gitterkomplex
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Electrostatic Poisson’s grid equation / Elektrostatische Poissonsche Gittergleichung
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Band Structure of the Div-Grad-Operator in Matrix Form /
Bandstruktur des Div—-Grad-Operators in Matrixform

’[PX]T
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_[Pz T

[aiv][grad] = [[P].[#, ] [7,]]

)
RIS [][7, ] R

NxN

[div][grad] =ﬂ\\\m\\“\\\ﬂ \\

Band Structure of the Div-Grad-Operator in Matrix Form /
Bandstruktur des Div-Grad-Operators in Matrixform
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Band Structure of the Div-Grad-Operator in Matrix Form /
Bandstruktur des Div-Grad-Operators in Matrixform

N,
T [aiv][grad] = N\

{aiv][eraa)= N

2-D case in the —— 7\\1 \1\7
s, [avlferad] = N

xz-Ebene
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Numerical Methods for Linear Systems /
Numerische Methoden fiir lineare Gleichungssysteme

One the simplest type of iterative methods for solving the linear system /
Einer der einfachsten Typen von iterativen Methoden zur Loésung des linearen Gleichungssystems

[A]{x} = {b}
- Gaussian elimination (Gauss method) / GauRsches Eliminationsverfahren (GauR-Methode)

« Jacobi method (J method) / Jacobi-Methode (J-Methode)
- Gauss-Seidel method (GS method) / GauR-Seidel-Methode (GS-Methode)
. Successive overrelaxation method (SOR method) / Uberrelaxationsverfahren (SOR-Methode)

« Symmetric successive overrelaxation method (SSOR method) /
Symmetrisches Uberrelaxationsverfahren (SSOR-Methode)

- Conjugate gradient method (CG method) / Konjugierte Gradientenmethode (KG-Methode)
+ Multi grid methods (MG method) / Mehrgitterverfahren (MG-Methode)

- Algebraic multi grid method (AMG method) / Algebraische Mehrgitterverfahren (AMG-Methode)
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Numerical Methods for Linear Systems /
Numerische Methoden fiir lineare Gleichungssysteme

Algebraic multi grid method (AMG method) / Algebraische Mehrgitterverfahren (AMG-Methode)

EAVAYY'

Hag

EVAVAN,
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Numerical Methods for Linear Systems /
Numerische Methoden fiir lineare Gleichungssysteme

Algebraic multi grid method (AMG method) / Algebraische Mehrgitterverfahren (AMG-Methode)

Dr._Ing. René Marklein _ NFT | _ Lecture 12 / Vorlesung 12 _ WS 2005 / 2006 24




Iterative Methods for Linear Systems /
Iterative Methoden fiir lineare Gleichungssysteme

LU decomposition of matrix [A] / B
LU-Zerlegung der Matrix [A] [A]=[L]+[D]+[U]

[0 0o - 0
) ) Ay O :
Lower triangular matrix / .
Unter Dreiecksmatrix ~ [L]=| A1 Az ™ 0
: 0 0

7AN1 Avz o Aun-y ONXN
[diag{ A Aoz Ay

Main diagonal matrix / [D]
Hauptdiagonalmatrix

[0 Ay A
0 0 :
Upper triangular matrix / _lo o
Obere Dreiecksmatrix [u]= A2
0 An-gn
10 0 - 0 0

NxN
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Iterative Methods for Linear Systems /
Iterative Methoden fiir lineare Gleichungssysteme

[Al{x} ={b}
{[L]+[D]+[U}{x} = {b}
[D}{x} =—{[L]+[U]} {x} +{b}
(s} =[] {1+ U]} ) <[] o)
=[G] {c}
=[G]{x} +{c|

- Jacobi method (J method) / Jacobi-Methode (J-Methode)
- Gauss-Seidel method (GS method) / GauR-Seidel-Methode (GS-Methode)
|:> - Successive overrelaxation method (SOR method) / Uberrelaxationsverfahren (SOR-Methode)

- Symmetric successive overrelaxation method (SSOR method) /
Symmetrisches Uberrelaxationsverfahren (SSOR-Methode)
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Jacobi Method / Jacobi-Methode

N
=36 vey;  1=12.,L
j=1

It follows with the LU decomposition of matrix [A] /
Mit der LU-Zerlegung der Matrix [A] folgt

X4 - ZGJJX()Jr Z Gy XV +ey  1=12..L
j=1 j=i+l
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Jacobi Method / Jacobi-Methode

2-D case in the xz plane / — (ax)2
2D-Fall in der xz-Ebene  14iv][grad]{®c} = 0 {pe}

\\ N

dlv [grad]

///

AY
\’1\ \

[A]={[L]+[p]+[U];=

LN CRUERUNCRCREREE

:[G]J :{c}J




Jacobi & Gauss-Seidel Method / Jacobi- & Gauss-Seidel-Methode

L1+ :%[X(n—MZ,I)+X(n—MX,I)+X(n+MX,I)+X(n+MZ,I)+b(n)}
(1+2) 0]
{x} h :[G]GS{X} +{C}GS I=12...L

[Glos=-([P]+[L)) " [U]
{e} s =([D]+[L]) ™ (b}

<+ :%[X(n—MZ,Hl)+X(nfo,I+1)+X(n+Mx,I)+X(n+MZ,I)+b(n)}
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Successive Overrelaxation Method (SOR Method) /
Uberrelaxationsverfahren (SOR-Methode)

- (o) (" + o[

(-1 . Algebraicfield vector a theiteration step |/
B Al gebrischer Feldvektor zum Iterationsschitt |
—(+)  Gauss-Seiddl vaue a theiteration step 1/
B et Sedel- Wert zum terationsschitt |

. Relaxatios Parameter /
[
Relaxationsparameter
Under relaxation method/
O<w<l : K
Unterrelaxationsmethode
1 Gauss-Seidel method /
=
Gaul3-Seidel-Methode
Over relaxation method/
1<w<2 : . i
Uberrelaxationsmethod
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Successive Overrelaxation Method (SOR Method) /
Uberrelaxationsverfahren (SOR-Methode)

- (1) (" + o[

X'(|+1) (1 a))X| +a))((|+1)
=(1-o){ +o ZGJ x4 Z Gy ¥\ +cy i=12...,N
j=1 j=i+l

-1
K = (1- wx(l)+w{ ZD’l X — Z Dy y; X +cjvi} i=12...,N

" =(1-0) (5 o {[PI LI+ [p] U] [p] )] i=12..

(" = ([Pl +o[L]) “[a-o)p]-o[U)ix " +o(pl+o[L]) "b] =12,

:[G]SJR :{C}SOR
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Successive Overrelaxation Method (SOR Method) /
Uberrelaxationsverfahren (SOR-Methode)

~ (o) (" + o[y

()" =([D]+ 0[L]) [(1- @)[D] - 0[U]}{x}" +o([D]+ @[L]) " {b}  i=12...,

=[Glsr ={cfsor

[Gloor =([D]+ @[L]) " [(1-@)[D] - w[U]]

{elgor =@([D]+[L]) ™ {b}

{x}(lﬂ) =[Glsor {x}(l) Helgr  1=12.L
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Symmetric Successive Overrelaxation Method (SSOR Method) /
Symmetrische Uberrelaxationsverfahren (SSOR-Methode)

Forward SOR step / Vorwarts—SOR-Schritt

j=1 j=i+l

(I+1] | i-1 |+i] N |
% Y=1-0)x" +01>.Gy; X 2 +.Z Gyjj x5)+cJ,i i=12...,N

Backward SOR step / Riickwarts-SOR-Schritt

K = (1- ) xi(léj +w|iZlGJ,ij X(j
i1

1

+= N

Y143 Gy xﬁ'*%cM} i=N,N-1...,1
j=i+l

Forward SOR step / Vorwarts—-SOR-Schritt

1
(1)

(1w){x}“)w{[D]1[L]{x} +[D]1[U]{x}“)[D]l{b}} =12,

1
3 _

{x}

Backward SOR step / Riickwarts—-SOR-Schritt

(1+%

{X}(Hl) ~(1-o){x) 2 w{[D]l[L]{X}

1
1+

+[D] U]} [D]l{b}} i=N,N-1...,1

Dr._Ing. René Marklein - NFT | _ Lecture 12 / Vorlesung 12 _ WS 2005 / 2006

Convergence of Point Iterative Methods /
Konvergenz von punktiterativen Methoden

0<wgog <2

0<mggor <2
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Error Vector and Error Measure / Fehlervektor und FehlermaR

_ 2
e ha(l6))

2
r([G],)
p([G]SOR)7 ;
1+ 1- p([G],)
Symmetric positive definite [A] matrix / p([L][U])Sl
Symmetrische positiv-definite [A] Matrix 4
2
WssOR =

D
T
cos| —
Approximation for a O-dimensional Dirichlet problem / dZ:“l (NJ
Approximation fiir ein D-dimensionales Dirichlet-Problem p([G]J): D
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Optimal Relaxation / Optimaler Relaxationsparameter

g(n,l+1) _ g(n,l)

g(n,l+l) 75('1")
g(n,l+1)
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Transition Conditions / Ubergangsbedingungen Boundary Conditions / Randbedingungen
I L n oe® >
Medium (2) di ol
M-:d::: M - Re SI(nterface) R € Sg(oundary) ?M'e il ped|/_
ES (R)-EG (R)=0 Ein(R)=0 pec/idl
D{? (R)-D? (R)=7(R) D, (R)=7(R) pec/id
EQ (R)-ER (R)=0 Eian (R)=0
U U
o0 (R) - 0 (R) = dgg = cont. D (R) = Dy = CONSL.
DlSZ) (B) - Déz) (B): 76(R) D, (B) = 7(R)
! U
0 p@ & 2 1
Ed)e (B) 7@5(1)6 (B) == %) 7e(R) P 1
n & n &oér *(De(R) _ 77’7€(R)
on B 8
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Electrostatic (ES) Fields / Elektrostatische (ES) Felder

Boundary conditions for the electrostatic potential /
Randbedingungen fiir die elektrostatische Potential

E(R),D(R),®¢(R) o(R) = 0

E/ ~ <+— 7(R)
W,

@, (B) =g =const.  (Dgp=0V)

Re SB(oundary)

0 1
> ‘®_ (R)=———7.(R
on e(f) S0t 7e(R)

L Neumann Boundary Condition for &, /
Neumann-Randbedingung fiir &,

Dirichlet Boundary Condition for @,

/
Dirichlet-Randbedingung fiir &,
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Example: 2-D Dirichlet Problem / Beispiel: 2D-Dirichlet-Problem

D=0 ®u=0 D=0 @,=0 D=0 R=xe, +2¢,
N e e N e
F() O 0 O O —A(De(B)=pe(B) ReS
&oér
®wlﬂ)@apmtwap©
Dy =0 Q)——@——@——@——0) =0 L
_#s—av [VCDG(B)] -dS= 7.”.[v Pe(R)dV
q)f;‘) é4) (Déf’) és) o® © = £0&¢
0, = 00— ¢, -0 ReS
Dirichlet boundary condition for ¢, /
‘I’(e7) A(;) q,(EB) és) (D(eg) pég) Dirichlet-Randbedingung fiir &,
D, m00— g —cge g ) 9,-0 OUR)-0  ReCpo0S
i [o®] [o®
N S S 5 o) 4 10 -1 0 0 0 0 O @ 5@
®,=0 ®=0 P;=0 ®,=0 P,=0|-1 4 -1 0 -1 0 0 O O} ¢
o®@| |p®
0 -14 0 0 -10 00 e
(o Ax)? _ _ _ o@| [p®
-[dw][gmd]{gi}:(gz [ve) 10 0 4 -10 -10 0]®
B 0 -1 0 -14 -10 -1 0{0®={b®
o 00 -10-140 0 -1[p0| [4®
Dirichlet boundary condition for ®, / 0 00 -1 0 0 4 -10 ?7) @
Dirichlet-Randbedingung fiir &, Dy b
@ () 0 000 -10 -14 -1 ® ®
n n
XW=®e"=0  neCp=c8 00000 10 -1a4f%]|P
i “lo®@ | [p©@
é e
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Example: 2-D Dirichlet Problem / Beispiel: 2D-Dirichlet-Problem

Pe(X,2) =&e0 0 (X—X%5)5(2 - 25) R =R, =xe, +7e,

=
1]
w
=
1]
3
=
1]
N
=2
1]
w
=

1

RNEanHeo

o
S
“ q g
1]
mohot

=Tt

[
I‘C-hmma. RNeaDoeo

2

3 =

Il

E&H :
=

1 ) 5
10 A
5 : - g

2 4 6 246810 5 1015 51015 5101820 5102@5 1020 30
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CAAITIPIC. £=D UITICICU FTODICITT  / DCISPICT. ZD=DUITICITIICU=

Problem

g
£

il 7 1" 15 L] 23 27 a0 3
MNumbeds of nodes in each direction /
Anzahi dor Kreton pro Richtung

7 1"
Nurmbes of nodes in &
Anzahd dor Knoton pro Richiung

Jacobi
Gauss-Seidel

SOR with / mit wopt

I.O

23 271 3
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End of Lecture 12/
Ende der 12. Vorlesung
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