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CG Method — Conjugate Gradient Method — References /
KG-Methode — Konjugierte Gradientenmethode

Jonathan Richard Shewchuk:
An Introduction to the Conjugate Gradient Method

Without the Agonizing Pain, p. , August 1994.

An Introduction to
the Conjugate Gradient Method
Without the Agonizing Pain
Edition la'n
Jonathan Richard Shewchuk
August 4, 1594

School of Computer Science
Camegie Mellon University
Pittsburgh, PA 15213

Abstraet

The Conjugate Gradient Method is the most prominent itertive method for solving sparse systems of linear equations.
Unforiunately, many textbook treatments of the topic ane written with neither illustrations nor intuition, and their
victims can be found i his day babbling senselessly in the comers of dusty libraries. For this reason, a deep,
peometric understanding of the method has been reserved for the elite brilliant few who have painstakingly decodad
the mumblings of their forebears, Nevertheless, the Conjugate Gradient Method is a composite of simple, elegant ideas
that almost anyone can understand. Ofcourse, a reader as intelligent as yourselfwill learn them almest effortlessly.

introduced and vsed 1o derive the methods of Steepest Descent, Conjugate Directions,
pemvectors are explained and used to examing the convergence of the Jacobi Methesd,
Steepest Descent, and Conjugate Gradients, Other topics ine lude preconditioning and the nonlinear Conjugate Gradient
Methed. 1 have taken pains to make this article easy to read.  Sixty-six illustrations are provided, Dense prose is
avoided. Concepts are explained in several different ways. Most equations are conpled with an intuitive interpretation.
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Penetrable Scatterer: Data Equation and Lippmann-Schwinger Equation — 2-D TM Case/
Penetrable Streuer: Datengleichung und Lippmann-Schwinger Gleichung — 2D-TM-Fall
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PEN Scatterer: Discretization of the Domain Integral Equation — Richmond Method /
PEN-Streuer: Diskretisierung der Bereichsintegralgleichung — Richmod-Methode
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

The Numerical Solution of a Linear Matrix Equation Requires the
Storage of the Full N x N Matrix in the Computer Main Memory.
This is the Main Bottleneck in the Solution of a Large Set of
Linear Equations. /

Die numerische Lésung einer linearen Matrixgleichung erfordert
die Speicherung der vollen N x N-Matrix im Hauptspeicher des
Computers. Dies stellt den wesentlichsten Flaschenhals
bei der numerischen Losung von groflen linearen
Gleichungssystemen dar.

!

CG-FFT
Conjugate Gradient — Fast Fourier Transform /
KG-SFT
Konjugierte Gradienten — Schnelle Fourier-Transformation
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

Two-Dimensional Convolution Integral /
Zweidimensionales Faltungsintegral

EX(ro)=k[[ Ga-r,o) ) E. (@ 0)dr
r'eS

EX(r,o)=|[ Gr-r o)k yx)E (' 0)d’r
N r'e§
=E(r,0) =I(r',®)

Ero)=[f Gr-r.0) It o)’

o0 o0
2-D Convolution Integral in Cartesian Coordinates / ' , ro '’y
2D-Faltungsintegral in Kartesische Koordinaten E(x,y,0)= J _[ Gx=x,y-y o),y 0)dx'dy

x'=—0 y'=—00

E(r,o)= [ Gx—x,0)I(x,0)d’

x'=—00

1-D Convolution Integral in Cartesian Coordinates /
1D-Faltungsintegral in Kartesischen Koordinaten
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

Infinite 1-D Convolution Integral in Cartesian Coordinates / A
Unendliches 1D-Faltungsintegral in Kartesischen Koordinaten G(x,w) J.(x,)
A
o0
Exo)= [ Gx—x,0)I(x,0)d L .
x'=—o0 —00 ¢— X X —=>©
A
Finite 1-D Convolution Integral in Cartesian Coordinates / G(x,w) J.(x,)
Endliches 1D-Faltungsintegral in Kartesischen Koordinaten ’ A e
xmax
E(x,0) = j G(x—x,0)J(x",®)dx’ >
X'=Xmin X = X X = Xmax X
Discrete Convolution / G(X,W)I Je(x, @)
Diskrete Faltung
N-1
Ep=Ax) G, ,J, m=0,12,.,N-1 1 >
n=0 X
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

Discrete Convolution / _ _ _
Diskrete Faltung E, = szo G In m=0,12,.,N-1
n=
Discrete Convolution in Matrix Form / .
Diskrete Faltung in Matrixform {E}N - AX[G]NxN {J}N
Example: N=M =4 | Beispiel: N=M =4
4-1=3
Em:O = Ax Gm—n Jn
m =0 n=0
= AX[G0_0:0 JO + Go_1:_1 Jl + GO—Z:—2 J2 + G0_3:_3 J3] —> EO = AX[GO JO +G_1 Jl + G_z Jz +G_3 J3]
4-1=3
m=1: Em—l:Aan:OGm—an
= Ax[G_go o+ Giig 1 + Gy 1 T2 + G35 I5] — E; =Ax[G T+ Gy, +G_ ], +G_, 15]
4-1=3
m=2 Em—2:A'x’§)Gm—an
= Ax[Gy g2 Jo + Gy 11 +Gy_pg 1y + Gy 31 15 ] — E, =Ax[G, ]y +G 11 +GyJy +G_  15]
4-1=3
m =3 EszZAx’E) Gm—an
= A.X[G3_0:3 JO +G3_1:2 Jl + G3_2:1 J2 +G3_3:_1 Jo] —> E3 = AX[G3 JO + G2 Jl + Gl J2 +G0 J3]
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

Discrete Convolution /
Diskrete Faltung

Example: N=M =4/ Beispiel: N=M=4

Discrete Convolution in Matrix Form /
Diskrete Faltung in Matrixform
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

Discrete Convolution in Matrix Form /
Diskrete Faltung in Matrixform

GlfN J0 E0
GZ—N J1 1 El
G3—N J2 = E E2
GO dNXN JN—l N EN—I N
1

The Matrix [G] is a N x N Matrix and is a General Toeplitz Matrix /
Die Matrix [G] ist eine N x N-Matrix und ist eine allgemeine Toeplitz-Matrix

All Different Elements of the Matrix [G] are given by the 2 N — 1 Entries of the 1st Row and 1st Column /
Alle unterschiedlichen Elemente der Matrix [G] sind durch die 2 N— 1 Eintrage der 1. Zeile und 1. Splate gegeben

G n.,.'nG 5,G 1,Gy.Gy,Gy,...,Gy

Elements /
2N-1
Elemente
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

Discrete Convolution in Matrix Form /
Diskrete Faltung in Matrixform

i Gy G, G, - GI—N_ Jo Ey
G, Gy G, - GZ—N N 1 E,
Gz Gl Go G3—N Jz = E Ez
_GNl Gy_y Gy_3 Gy ANxN In-i N En N
1
GiJl=—IE
[G]{a}y= (B}

The Sequenz of the Elements of the Matrix [G] are Periodic after N Elements /
Die Sequenz der Elemente der Matrix [G] sind periodisch nach N Elementen

n=0,1,2,.,N-1

Then, the Discrete Convolution is a Circular Discrete Convolution of the Length 2 N -1 and
the Matrix [G] is a Circular Matrix. Otherwise the Discrete Convolution is a Linear Discrete Convolution. /
Dann ist die diskrete Faltung eine zirkulare diskrete Faltung der Ladnge 2 N -1 und

die Matrix [G] ist eine zirkulierende Matrix. Anderenfalls ist die diskrete Faltung eine lineare diskrete Faltung.
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

N-1
E,=M> G, ], m=0,1,2,..,N -1
n=0

Discrete Convolution /
Diskrete Faltung

Comment: Every Linear Discrete Convolution of the Length N can be formulated in a Circular Discrete Convolution
of the Length 2 N — 1 by Expanding the Sequence G to a Periodic Sequence of the Length 2 N— 1. And the
Sequence J will be Filled with Zeros up to a Length of 2 N 1: Zero Padding /

Anmerkung: Jede lineare diskrete Faltung der Lange N kann in eine zirkulierende diskrete Faltung
der Lange 2 N — 1 gebracht werden. Dazu wird die Sequenz G in eine periodische Sequenz der Lange 2 N — 1 umgewandelt.
Und die Sequenz J wird mit Nullen aufgefullt: Nullen-Auffillung

Ty )
J
n| Loy o semences
IR T
N SR )
0 Joya
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CG-FFT: Conjugate Gradient — Fast Fourier Transform /
KG-SFT: Konjugierte Gradienten — Schnelle Fourier-Transformation

N-1
E, =AY G,_,J, m=0,1,2,..,N -1 o(n?)
n=0

The Fast Fourier Transform (FFT) is an Efficient Way of Implementation the Discrete Fourier Transform (DFT) /
Die schnelle Fourier-Transformation (SFT) ist ein effizienter Weg der Implementierung der diskreten Fourier-Transformation (DFT)

N-1
Gn =Y Gpe 127N n=0,12,.,N-1
k=0
RSP
=WZ eI 2T/ N k=0,1,2,..,N -1

is a Power of /
o 2—>N:2p,p:0,1,2,3,...
1st eine Potenz von

(G} =FFTy {G)
(G} = FFr1y' (G}

FFIy{E} = &xFFTy {G} FFTy{J} n=0,1,2,.,N-1
(B} = MFFT { FFT (G} FFT, {J}} n=0,1,2,.,N-1  O(NlogN)
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End of 7th Lecture /
Ende der 7. Vorlesung
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